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1 Introduction

Recent attempts to improve the out-of-sample forecasting performance of Bayesian

Vector Autoregressions (BVAR) include the application of ideas from Bayesian Com-

pressed Regression (BCR). Guhaniyogi and Dunson (2015) propose BCR as a way to

deal with the problem of proliferation of parameters when the number of regressors

exceeds the number of observations. Their procedure is based on the idea that a

compressed version of the regressor matrix can be constructed to replace the original

model. Koop, Korobilis and Pettenuzzo (2016, KKP) have applied BCR to BVARs.

BVAR problems can be hugely dimensional as the number of (lagged) predictors can

easily exceed typical sample sizes in economics.

In Guhaniyogi and Dunson (2015) the compression matrix is drawn randomly,

it involves a single parameter and, finally, it is selected using analytical expressions

for the marginal likelihood of linear models, when conjugate priors are used. KKP

extend this approach in an ingenious way by showing how the error covariance matrix

of BVARs can be compressed as well. In this paper we show that, in fact, BCR can

be viewed as an errors-in-variables problem. The compression or projection matrix

can then be estimated using a standard Gibbs sampler. Although the fact that the

projection matrix is not estimated in BCR is important, it is equally important to

investigate whether gains can be realized in terms of out-of-sample forecasting by

increasing CPU time through formal estimation via the Gibbs sampler. Indeed, it

turns out that with the Guhaniyogi and Dunson (2015) prior for the projection matrix,

important gains can be realized.

We extend the procedure to allow for time-varying-parameter vector autore-

gressions (TVP-VAR) and we, additionally, propose a substantive extension of the

Multivariate Autoregressive Index model (MAI, Carriero, Kapetanios and Marcellino,

2016). The MAI depends on an expensive Metropolis step which can benefit from

BCR and application of the Gibbs sampler.
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In Section 2 we present BCR as an errors-in-variables problem. In Section 3

we summarize issues in BVARs and we propose our alternative. In Section 4 we

consider the extension of MAI. TVP-VARs are presented in Section 5. Our empirical

applications follow closely the ones in KKP and the results are compared and con-

trasted in Section 6. In section 7 we consider an application to the data by Giannone,

Lenza and Primiceri (GLP, 2015) whose focus is on prior selection for Bayesian Vector

Autoregressions In the final section, we offer some concluding remarks.

2 Bayesian Compressed Regression as an Error-in

-Variables Problem

An alternative way to understand Bayesian compressed regression (BCR) is the fol-

lowing. Suppose we want a “small” model of the form:

yt = x̃′tγ + ut, (1)

where ut ∼ N(0, σ2
u) but the data is (yt, xt; t = 1, ..., T ) where xt ∈ Rk with k � T and

x̃t is m× 1 (m � T ) is a “compressed” or “more realistic” version of the regressors.

Supposing

x̃t = Φxt + εt, (2)

where Φ is an m× k matrix, and εt ∼ Nm(0,Ω) , effectively we have:

yt = x′tΦ
′γ + ε′tγ + ut ≡ (Φxt)

′ γ + vt, (3)

where vt ∼ N(0, γ′Ωγ + σ2
u). The point for BCR is that we can use (1) and (2) as a

standard errors-in-the variables formulation and along the way estimate Φ instead of

searching for it. Bayesian inference using the Gibbs sampler in (1) and (2) should be
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particularly easy. For example, the posterior conditional distribution of x̃t is:

x̃t ∼ N (x̃∗t , V
∗) , (4)

where x̃∗t = (γγ′ + σ2
uΩ

−1)
−1

(ytγ + σ2
uΩ

−1Φxt), V
∗ = σ2

u (γγ
′ + σ2

uΩ
−1)

−1
(ytγ + σ2

uΩ
−1Φxt).

Of course Φ can be determined via random searches when the marginal likeli-

hood is in closed form but when this is the case the priors are conjugate and they

have their own well known problems. Under some sparsity, a LASSO prior can be

used to relate “optimally” x̃t to xt. Moreover, we can impose the orthonormality

constraint Φ′Φ = Ik. Regarding a prior for matrix Φ = [Φij] we have:

P
(
Φij =

1√
ψ

)
= ψ2,

P (Φij = 0) = 2ψ (1− ψ) ,

P
(
Φij = − 1√

ψ

)
= (1− ψ)2 ,

(5)

where ψ is a parameter (along with m). Guhaniyogi and Dunson (2015) show that

their Bayesian compressed regression algorithm produces a predictive density which

converges to the true predictive density under broad conditions and especially when

sparsity is present. For the “window” m they draw from a uniform distribution,

U [2 log k,min (T, k)]. For ψ they draw from a uniform distribution in (0.1, 1). AS

they correctly mention: “Given that the whole model averaging process is embar-

rassingly parallelizable over different choices of m, the computation can be done very

quickly using a parallel implementation with sufficiently many processors.”

Using the Gibbs sampler, suppose Ω is a diagonal matrix for simplicity and

Ω = diag [ω11, ..., ωnn]. Without loss of generality consider the first equation of (2):

x̃t,1 = x′tϕ1 + vt, vt ∼ N (0, ω11) , (6)
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where ϕ1 = [ϕ11, ..., ϕ1n]
′ is the first row of Φ. Under the prior in (5), the posterior

conditional distribution of ϕ1,i (i = 1, ..., n ) is

P i(κ) ≡ p
(
ϕ1,i = κ|ϕ1,(−i), ω11, x̃t,1, xt

)
∝

exp

{
− 1

2ω11

∑T
t=1

(
xt,1 −

∑n
j=1,j 6=i ϕ1,jxtj − κxti

)2}
P (κ),

(7)

where ϕ1,(−i) denotes all elements of ϕ1 except the ith element (Geweke, 1994),

κ ∈
{

1√
ψ
, 0,− 1√

ψ

}
and P (κ) is ψ2, 2ψ (1− ψ) and (1− ψ)2 respectively as 9n (5).

Moreover, we normalize P i(κ) =
P i(κ)∑
κ′ P i(κ′)

and we impose orthonormality after draw-

ing all elements of Φ. Regarding priors for γ, σu and ω11 we use standard flat priors

p (γ, σu, ω11) ∝ σ−1
u ω−1

11 , and, therefore, their conditional posterior distributions are

amenable to random number generation. Our prior for ψ is uniform in [0.1, 1]. The

posterior conditional distribution of ψ is not in any known family but random draw-

ings can be generated using the inverse c.d.f technique where the c.d.f is computed

numerically over a grid of twenty points in [0.1, 1]. Although a Metropolis algorithm

can be used as well we have found that it converges much slower and it is difficult to

tune especially in medium to large sized problems.

3 Issues in Bayesian VARs

Koop, Korobilis and Pettenuzzo (2016, KKP) have applied BCR to Bayesian VARs.

Bayesian VAR problems can be hugely dimensional as the number of (lagged) pre-

dictors can easily exceed typical sample size in economics. We summarize their work

as follows. The VAR model is:

Yt = BYt−1 + εt, t = 1, ..., T, (8)
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where Yt is an n× 1 vector time series, εt ∼ iidN (0,Ω) and B is an n× n vector of

coefficients. As KKP correctly note: “Note that, with n = 100, the uncompressed

VAR will have 10, 000 coefficients in B and 5,050 in Ω. In a VAR(13), such as

the one used in this paper, the former number becomes 130, 000. It is easy to see

why computation can become daunting in large VARs and why there is a need for

shrinkage.” They also note that the natural conjugate prior has some well-known

restrictive properties in VARs (Koop and Korobilis, 2009, pp. 279-280). For this

reason, the need for new priors arises. One of their concerns is the following:

“In the context of the compressed VAR, working with a Φ of dimension

m × n [....] with only n columns instead of n2 would likely be much too

restrictive in many empirical contexts. For instance, it would imply that

to delete a variable in one equation, then that same variable would have

to be deleted from all equations. In macroeconomic VARs, where the first

own lag in each equation is often found to have important explanatory

power, such a property seems problematic. It would imply, say, that

lagged inflation could either be included in every equation or none when

what we might really want is for lagged inflation to be included in the

inflation equation but not most of the other equations in the VAR.”

The problem can be solved in a natural way as we have regressors that we do not

want to compress This can be done as in the following alternative to (1):

yt = w′
tβ + x̃′tγ + ut, (9)

where wt is a vector of regressors that we do not wish to compress. Additionally,

another additional issue with the natural conjugate BCVAR is that it allows the

error covariance matrix Ω to be unrestricted. In high dimensional VARs, Ω contains

a large number of parameters and we may want a method which allows for their
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compression. A natural alternative is to consider a VAR:

Yt =
L∑
l=1

AlỸt−l +ΠWt + εt, (10)

where W contains the variables that we do not wish to compress, Π is (possibly)

diagonal, and we have direct control over the prior for Φ if so desired. We can write

the above equation as:

Y ∗
t = ΓX̃t + εt, (11)

where
[
Ỹt−l, l = 1, ..., L,Wt

]
are similar to x̃t in (1). We assume:

εt ∼ N(0,Ω). (12)

Following common practice (see, e.g., Primiceri, 2005, Eisenstat, Chan and Strachan,

2015 and Carriero, Clark and Marcellino, 2016) we use a triangular decomposition of

Ω:

AΩA′ = ΣΣ, (13)

where Σ = diag[σ1, ..., σn] and A is lower triangular with ones on the main diagonal.

Following KKP we write A = In + Ã where Ã is lower diagonal. In this way we can

rewrite the VAR in a recursive way as:

Yt = BYt−1 + A−1ΣEt, (14)

where Et ∼ Nn (0, In). Further, we can write it as:

Yt = ΓYt−1 + Ã(−Yt) + ΣEt (15)
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or

Yt = ΘZt + ΣEt, (16)

where Zt =
[
Y ′
t−1,−Y ′

t

]′
, Γ = AB and Θ =

[
Γ, Ã

]
. This has the additional advantage

that compression of the elements of the covariance matrix is achieved through Ã and

each equation in (16) has a recursive structure. An additional advantage is that each

equation of (16) can be seen as a single equation and, therefore, different compression

matrices, Φ, can be used.

4 An Alternative Approach

Following Carriero et al. (2016) we can write (8) as:

Yt = BYt−1 + εt ≡ ACYt−1 + εt, (17)

where B is n×n, A is n× r and C is r×n where r < n. This is known as the multi-

variate autoregressive index (MAI) model and exploits reduced rank as compression

regression does. The reason is that we can write Ft = CYt−1 from which we have

Yt = AFt + εt. Carriero et al. (2016) use an expensive Metropolis-Hastings scheme

to draw the elements of C from the posterior.

As a matter of fact one can try random compression for C instead of estimating

it. Alternatively, we can treat Ft as latent and assume:

Ft = CYt−1 + ut, ut ∼ N(0,Ψ), (18)

along with

Yt = AFt + εt. (19)

Once this is done, it is not difficult to generalize the model in a substantive way
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by assuming:

Ft = RFt−1 + CYt−1 + ut, ut ∼ Nr(0,Ψ), (20)

where R is an r × r matrix. In (18) or (20) one can set Ψ = O and R = O and

use standard random compression for C or estimate the elements of these matrices.

Equation (19) can still be put in recursive form as in (16) using (13). In this case

we assume that Ψ is diagonal and its diagonal elements are ones provided we have

standardized the data (KKP also standardize the data). In this set up it is not

difficult to estimate (19) and (20) using Sequential Monte Carlo (SMC) also known

as Particle Filtering (PF). The selection of r ∈ {1, 2, ..., r} can be made using the

marginal likelihood which is a natural byproduct of SMC.

5 Time-Varying Parameters and Models

5.1 Time-Varying Parameters

Time-varying parameter vector autoregressions (TVP-VAR) have proved useful in

many contexts. In compressed regression or the errors-in-variables interpretation we

propose here (in which case the compression matrix Φ is estimated) it is not difficult

to introduce time-varying parameters. For example, in (1) which is a typical equation

of the recursive system in (16) we can assume:

γt = d+Dγt−1 + vt, vt ∼ N(0,Σγ). (21)

Typically, it is assumed that d = 0 and D = I so that the parameter vector

follows a random walk. As the dimensionality of γ in (1) is not expected to be large

we can avoid these assumptions and use SMC to perform the computations.

10



5.2 Summary of Models

In this paper we will consider alternative specifications as follows.

1. Model I, is the recursive VAR in (16) or (15) where compression of the

covariance matrix Ω is allowed. Here, we use the Gibbs sampler developed for errors-

in-variables problems.

2. Model II, is the alternative MAI in (19) and (18).

3. Model III, is the alternative MAI in (19) and (20) which allows for autore-

gressive Ft.

4. Models IV, V and VI are models I, II and III with the time-varying parameter

structure in (21).

6 Empirical Results

6.1 Data

We use the same dataset as in KKP. To this dataset we use a medium size VAR, a

large size VAR and a huge size VAR. As in KKP we use the FRED-MD data-base

of monthly US variables from January 1960 through December 2014, see McCracken

and Ng (2015) for a description of this macroeconomic data set, which includes a

range of variables from a broad range of categories (e.g. output, capacity, employ-

ment and unemployment, prices, wages, housing, inventories and orders, stock prices,

interest rates, exchange rates and monetary aggregates). We use the 129 variables for

which complete data was available, after transforming all variables as in Appendix

A.8 of KKP. We present detailed forecasting results for seven variables of interest:

industrial production growth (INDPRO), the unemployment rate (UNRATE), total

nonfarm employment (PAYEMS), the change in the Fed funds rate (FEDFUNDS),

the change in the 10 year T-bill rate (GS10), the finished good producer price in-
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flation (PPIFGS) and consumer price inflation (CPIAUCSL). We estimate VARs of

different dimensions, with these seven variables included in all of our specifications.

Specifically, we use a Medium VAR with 19 variables, a Large VAR with 46 vari-

ables and a Huge VAR with all 129 variables. As in KPP most of our variables have

substantial persistence in them and, accordingly, the first own lag in each equation

almost always has important explanatory power. Accordingly, we do not compress

the first own lag. This is included in every equation, with compression being done on

the remaining variables.

6.2 Predictive Accuracy

We try to follow KKP as closely as possible. For this reason we use the first half

of the sample, January 1960-June 1987, to obtain initial parameter estimates for all

models, which are then used to predict outcomes from July 1987 (h = 1) to June 1987

(h = 12). The next period, we include data for July 1987 in the estimation sample,

and use the resulting estimates to predict the outcomes from August 1987 to July

1988. We proceed recursively in this fashion until December 2014, thus generating a

time series of forecasts for each forecast horizon h, with h = 1, ..., 12. When h > 1,

point forecasts are iterated and predictive simulation is used to produce the predictive

densities.

Our measures of predictive precision are relative to an AR(1) benchmark which

is a reasonable model as most series are highly persistent. To examine the precision of

the h-step-ahead point forecasts for a given model i we use the ratio of mean-squared

forecast errors:

MSFEi,j,h =

∑t2−h
τ=t1

e2i,j,τ+h∑t2
τ=t1

e2AR1,j,τ+h

, (22)

where t1 and t2 denote the start and end of the out-of-sample period, and e2i,j,τ+h,

e2AR1,j,τ+h are the squared forecast errors of variable j at time τ from models i and
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AR(1) respectively when the forecast horizon is h. We take the results of forecasting

for all variables and models DFM (dynamic factor model), FAVAR (factor augmented

VAR), BVAR (Bayesian VAR), BCVAR (Bayesian Compressed VAR) and BCVARC

(Bayesian Compressed VAR with compression for the covariance matrix Ω as well)

directly from KKP. The point forecasts d to compute the forecast errors are computed

by averaging over all draws from the various models’ h-step-ahead predictive densities.

KPP also follow Christoersen and Diebold (1998) and consider the ratio between

the multivariate weighted mean squared forecast error (WMSFE) of model i and the

WMSFE of the benchmark AR(1) model as follows:

WMSFEi,h =

∑t2−h
τ=t1

wei,τ+h∑t2−h
τ=t1

weAR1,τ+h

, (23)

where wei,τ+h = e′i,τ+hWei,τ+h and weAR1,τ+h = e′AR1,τ+hWeAR1,τ+h are time τ + h

weighted forecast errors of model i and the benchmark AR(1) respectively, ei,τ+h and

eAR1,τ+h are 7×1 vector of forecast errors for our key series andW is a 7×7 weighting

matrix selected as in Carriero et al (2011) to be a diagonal matrix with the inverse

variance series along the main diagonal.

Following KKP and Geweke and Amisano (2010) we also use the log predictive

likelihood differential between model i and the benchmark AR(1) model:

ALPLi,j,h =
1

t2 − t1 − h+ 1

t2−h∑
τ=t1

(LPLi,j,τ+h − LPLAR1,j,τ+j) , (24)

where LPLi,j,τ+h, LPLAR1,j,τ+j are log predictive scores of variable j for model i and

benchmark AR(1) respectively at time τ+h , i.e. the log of the h-step-ahead predictive

density evaluated at the outcome. Positive values of ALPL indicate that on average

model i produces better forecasts compared to the benchmark. The multivariate
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analogue is as follows:

MVALPLi,j,h =
1

t2 − t1 − h+ 1

t2−h∑
τ=t1

(MV LPLi,j,τ+h −MV LPLAR1,j,τ+j) , (25)

where MV LPLi,j,τ+h and MV LPLAR1,j,τ+h denote the multivariate log predictive

likelihoods for model i and benchmark AR(1) respectively, at time τ + h. One differ-

ence relative to KKP is that they use a multivariate normal approximation for this

quantity, that is they assume joint normality. In this study we use a multivariate

kernel density estimator obtained from 106 draws for each forecast horizon. This

produces different results compared to a multivariate normal approximation but we

abstract from further investigation leaving the issue to a future study.

Our empirical results are summarized in Tables 1 through 7. All results that

we present are “statistically significant” in the sense of rejecting equal predictive

accuracy (Diebold and Mariano, 1995) using the procedures described in KKP (pp.

17-18).

7 Another empirical application

In this section we consider the same data as in Giannone, Lenza and Primiceri (GLP,

2015) whose focus is on prior selection for Bayesian Vector Autoregressions. Their

Large BVAR model contains 22 variables (see their Table 1, p. 441) which include

GDP, GDP deflator, federal funds rate, consumption, investment, hours, wages a

and a number of additional labor market, financial, and monetary variables. Here,

we focus attention on two things. First, a comparison in terms of forecasting abil-

ity and, secondly and, perhaps more importantly, to obtain estimates of impulse

response functions of real, nominal, and financial variables after a monetary shock

(one-standard deviation increase in federal funds rate). The results are reported in

Table 8 and our impulse response functions are reported in Figures 1-3.
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The approach proposed in this study dominates GLP in terms of forecasting

performance. This is not surprising as it was found to dominate huge VARs in

the previous sections. In turn, GLP show that their approach dominates flat-prior

based VARs and reduces considerably the uncertainty associated with impulse reponse

functions. The same is the case in this study, as the impulse response functions

seem to be very similar to those in GLP but the 95% Bayes probability intervals are

quite tight in many cases of interest. We follow the same identification scheme as in

GLP and our findings in terms of policy are quite similar: “A 1-standard deviation

(approximately 60 basis points) exogenous increase in the federal funds rate generates

a substantial contraction in GDP, employment, and all other variables related to

economic activity. Monetary aggregates also decrease on impact, indicating strong

liquidity effects. Moreover, stock prices decline, the exchange rate appreciates, and

the yield curve flattens. Prices decrease with a delay. Notice that with the exception

of the CPI, the response of prices does not exhibit the so-called price puzzle, that

is, a counterintuitive positive response to a monetary contraction, which is instead

typical of VARs with small information sets” (GLP, p. 446).1

Concluding remarks

In this paper we have proposed an errors-in-variables interpretation of Bayesian Com-

pressed Vector Autoregression. Koop, Korobilis and Pettenuzzo (2016) have ap-

plied BCR to BVARs. BVAR problems can be hugely dimensional as the number of

(lagged) predictors can easily exceed typical sample sizes in economics. In Guhaniyogi

and Dunson (2015) the compression matrix is drawn randomly, it involves a single

parameter and, finally, it is selected using analytical expressions for the marginal

1One difference in Figures 2-4 of GLP is that the gray areas refer to error bands for a flat-prior
Bayesian VAR whereas in this study they reflect the 95% Bayes probability interval, computed using
simulation techniques. Moreover, GLP do not report 95% Bayes probability intervals but 50% and
certain other quantiles of the impulse response function distributions.
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likelihood of linear models, when conjugate priors are used. KKP extend this ap-

proach in an ingenious way by showing how the error covariance matrix of BVARs

can be compressed as well. In this paper we show that, in fact, BCR can be viewed

as an errors-in-variables problem. The compression or projection matrix can then

be estimated using a standard Gibbs sampler. We find that important gains can be

realized in terms of out-of-sample forecasting at the cost of increasing CPU timings

through formal estimation via the Gibbs sampler. Indeed, it turns out that with the

Guhaniyogi and Dunson (2015) prior for the projection matrix, important gains can

be realized. We illustrate the new approach in small, medium and huge sized VARs

and to the Bayesian VAR analysis of Giannone, Lenza and Primiceri (2015).
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TECHNICAL APPENDIX

Particle filtering

The particle filter methodology can be applied to state space models of the general

form:

yT ∼ p(yt|xt), st ∼ p(st|st−1), (A.1)

where st is a state variable. For general introductions see Gordon (1997), Gordon et

al. (1993), Doucet et al (2001) and Ristic et al. (2004).

Given the data Yt the posterior distribution p(st|Yt) can be approximated by a

set of (auxiliary) particles
{
s
(i)
t , i = 1, ..., .N

}
with probability weights

{
w

(i)
t , i = 1, ..., N

}
where

∑N
i=1w

(i)
t = 1. The predictive density can be approximated by:

p(st+1|Yt) =
ˆ
p(st+1|st)p(st|Yt)dst '

N∑
i=1

p(st+1|s(i)t )w
(i)
t , (A.2)

and the final approximation for the filtering density is:

p(st+1|Yt) ∝ p(yt+1|st+1)p(st+1|Yt) ' p(yt+1|st+1)
N∑
i=1

p(st+1|s(i)t )w
(i)
t . (A.3)

The basic mechanism of particle filtering rests on propagating
{
s
(i)
t , w

(i)
t , i = 1, . . . , N

}
to the next step, viz.

{
s
(i)
t+1, w

(i)
t+1, i = 1, . . . , N

}
but this often suffers from the weight

degeneracy problem. If parameters θ ∈ Θ ∈ <k are available, as is often the case,

we follow Liu and West (2001) and parameter learning takes place via a mixture of

multivariate normals:

p(θ|Yt) '
N∑
i=1

w
(i)
t N(θ|aθ(i)t + (1− a)θ̄t, b

2Vt), (A.4)

where θ̄t =
∑N

i=1w
(i)
t θ

(i)
t , and Vt =

∑N
i=1w

(i)
t (θ

(i)
t − θ̄t)(θ

(i)
t − θ̄t)

′. The constants a
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and b are related to shrinkage and are determined via a discount factor δ ∈ (0, 1) as

a = (1− b2)1/2 and b2 = 1− [(3δ − 1)/2δ]2. See also Casarin and Marin (2007).

Andrieu and Roberts (2009), Flury and Shephard (2011) and Pitt et al. (2012)

provide the Particle Metropolis-Hastimgs (PMCMC) technique which uses an unbi-

ased estimator of the likelihood function p̂N(Y |θ) as p(Y |θ) is often not available in

closed form.

Given the current state of the parameter θ(j) and the current estimate of the

likelihood, say Lj = p̂N(Y |θ(j)), a candidate θc is drawn from q(θc|θ(j)) yielding

Lc = p̂N(Y |θc) . Then, we set θ(j+1) = θc with the Metropolis - Hastings probability:

A = min

{
1,

p(θc)Lc

p(θ(j)Lj
q(θ(j)|θc

q(θc|θ(j))

}
, (A.5)

otherwise we repeat the current draws:
{
θ(j+1), Lj+1

}
=
{
θ(j), Lj

}
.

Hall, Pitt and Kohn (2014) propose an auxiliary particle filter which rests upon

the idea that adaptive particle filtering (Pitt et al., 2012) used within PMCMC re-

quires far fewer particles that the standard particle filtering algorithm to approximate

p(Y |θ). From Pitt and Shephard (1999) we know that auxiliary particle filtering can

be implemented easily once we can evaluate the state transition density p(st|st−1).

When this is not possible, Hall, Pitt and Kohn (2014) present a new approach when,

for instance, st = g(st−1, ut) for a certain disturbance. In this case we have:

p(yt|st−1) =

ˆ
p(yt|st)p(st|st−1)dst, (A.6)

p(ut|st−1; yt) = p(yt|st−1, ut)p(ut|st−1)/p(yt|st−1). (A.7)

If one can evaluate p(yt|st−1) and simulate from p(ut|st−1; yt) the filter would be

fully adaptable (Pitt and Shephard, 1999). One can use a Gaussian approxima-

tion for the first-stage proposal g(yt|st−1) by matching the first two moments of
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p(yt|st−1). So in some way we find that the approximating density p(yt|st−1) =

N (E(yt|st−1),V(yt|st−1)). In the second stage, we know that p(ut|yt, st−1) ∝ p(yt|st−1, ut)p(ut)

. For p(ut|yt, st−1) we know it is multimodal so suppose it has M modes are ûmt ,

for m = 1, . . . ,M . For each mode we can use a Laplace approximation. Let

l(ut) = log [p(yt|st−1, ut)p(ut)] . From the Laplace approximation we obtain:

l(ut) ' l(ûmt ) +
1
2
(ut − ûmt )

′∇2l(ûmt )(ut − ûmt ). (A.8)

Then we can construct a mixture approximation:

g(ut|xt, st−1) =
M∑
m=1

λm(2π)
−d/2|Σm|−1/2 exp

{
1
2
(ut − ûmt )

′Σ−1
m (ut − ûmt

}
, (A.9)

where Σm = −[∇2l(ûmt )]
−1

and λm ∝ exp {l(umt )} with
∑M

m=1 = 1. This is done for

each particle sit. This is known as the Auxiliary Disturbance Particle Filter (ADPF).

An alternative is the independent particle filter (IPF) of Lin et al. (2005). The

IPF forms a proposal for st directly from the measurement density p(yt|st) although

Hall, Pitt and Kohn (2014) are quite right in pointing out that the state equation

can be very informative.

In the standard particle filter of Gordon et al. (1993) particles are simulated

through the state density p(sit|sit−1) and they are re-sampled with weights determined

by the measurement density evaluated at the resulting particle, viz. p(yt|sit).

The ADPF is simple to construct and rests upon the following steps:

For t = 0, . . . , T − 1 given samples skt ∼ p(st|Y1:t) with mass πkt for k = 1, ..., N .

1) For k = 1, . . . , N compute ωkt|t+1 = g(yt+1|skt )πkt , πkt|t+1 = ωkt|t+1/
∑N

i=1 ω
i
t|t+1 .

2) For k = 1, . . . , N draw s̃kt ∼
∑N

i=1 π
i
t|t+1δ

i
st(dst).

3) For k = 1, . . . , N draw ukt+1 ∼ g(ut+1|s̃kt , yt+1) and set skt+1 = h(skt ;u
k
t+1).
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4) For k = 1, . . . , N compute

ωkt+1 =
p(yt+1|skt+1)p(u

k
t+1)

g(yt+1|skt )g(ukt+1|s̃kt , yt+1)
, πkt+1 =

ωkt+1∑N
i=1 ω

i
t+1

. (A.10)

It should be mentioned that the estimate of likelihood from ADPF is:

p(Y1:T ) =
T∏
t=1

(
N∑
i=1

ωit−1|t

)(
N−1

N∑
i=1

ωit

)
. (A.11)

Particle Metropolis adjusted Langevin filters

Nemeth, Sherlock and Fearnhead (2014) provide a particle version of a Metropolis

adjusted Langevin algorithm (MALA). In Sequential Monte Carlo we are interested

in approximating p(st|Y1:t, θ). Given that:

p(st|Y1:t, θ) ∝ g(yt|xt, θ)
ˆ
f(st|st−1, θ)p(st−1|y1:t−1, θ)dst−1, (A.12)

where p(st−1|y1:t−1, θ) is the posterior as of time t − 1. If at time t − 1 we have a

set set of particles
{
sit−1, i = 1, . . . , N

}
and weights

{
wit−1, i = 1, . . . .N

}
which form

a discrete approximation for p(st−1|y1:t−1, θ) then we have the approximation:

p̂(st−1|y1:t−1, θ) ∝
N∑
i=1

wit−1f(st|sit−1, θ). (A.13)

See Andrieu et al. (2010) and Cappe at al. (2005) for reviews. From (A.13)

Fernhead (2007) makes the important observation that the joint probability of sam-

pling particle sit−1 and state st is:

ωt =
wit−1g(yt|st, θ)f(s|sit−1, θ)

ξitq(st|sit−1, yt, θ)
, (A.14)
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where q(st|sit−1, yt, θ) is a density function amenable to simulation and

ξitq(st|sit−1, yt, θ) ' cg(yt|st, θ)f(st|sit−1, θ), (A.15)

and c is the normalizing constant in (A.12).

In the MALA algorithm of Roberts and Rosenthal (1998)2 we form a proposal:

θc = θ(s) + λz + λ2

2
∇logp(θ(s)|Y1:T ), (A.16)

where z ∼ N(0, I) which should result in larger jumps and better mixing properties,

plus lower autocorrelations for a certain scale parameter λ. Acceptance probabilities

are:

a(θc|θ(s)) = min

{
1,

p(Y1:T |θc)q(θ(s)|θc)
p(Y1:T |θ(s))q(θc|θ(s))

}
. (A.17)

Using particle filtering it is possible to create an approximation of the score vector

using Fisher’s identity:

∇ log p(Y1:T |θ) = E [∇ log p(s1:T , Y1:T |θ)|Y1:T , θ] , (A.18)

which corresponds to the expectation of:

∇ log p(s1:T , Y1:T |θ) = ∇ log p(|s1:T−1, Y1:T−1|θ)+∇ log g(yT |sT , θ)+∇ log f(sT |s|T−1, θ),

over the path s1:T . The particle approximation to the score vector results from re-

placing p(s1:T |Y1:T , θ) with a particle approximation p̂(s1:T |Y1:T , θ) . With particle i at

time t-1 we can associate a value αit−1 = ∇ log p(si1:t−1, Y1:t−1|θ) which can be updated

recursively. As we sample κi in the APF (the index of particle at time t − 1 that is

2The benefit of MALA over Random-Walk-Metropolis arises when the number of parameters n
is large. This happens because the scaling parameter λ is O(n−1/2)for Random-Walk-Metropolis
but it is O(n−1/6) for MALA, see Roberts et al. (1997) and Roberts and Rosenthal (1998)
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propagated to produce the ith particle at time t) we have the update:

αit = aκit−1 +∇ log g(yt|sit, θ) +∇ log f(sit|sit−1, θ). (A.19)

To avoid problems with increasing variance of the score estimate ∇ log p(Y1:t|θ) we

can use the approximation:

αit−1 ∼ N(mi
t−1, Vt−1). (A.20)

The mean is obtained by shrinking αit−1 towards the mean of αt−1 as follows:

mi
t−1 = δαit−1 + (1− δ)

N∑
i=1

wit−1α
i
t−1, (A.21)

where δ ∈ (0, 1) is a shrinkage parameter. Using Rao-Blackwellization one can avoid

sampling αit and instead use the following recursion for the means:

mi
t = δmκi

t−1 + (1− δ)
N∑
i=1

wit−1m
i
t−1 +∇ log g(yt|sit, θ) +∇ log f(sit|s

κi
t−1, θ), (A.22)

which yields the final score estimate:

∇ log p̂(Y1:t|θ) =
N∑
i=1

witm
i
t. (A.23)

As a rule of thumb Nemeth, Sherlock and Fearnhead (2014) suggest taking

δ = 0.95. Furthermore, they show the important result that the algorithm should be

tuned to the asymptotically optimal acceptance rate of 15.47% and the number of

particles must be selected so that the variance of the estimated log-posterior is about

3. Additionally, if measures are not taken to control the error in the variance of the

score vector, there is no gain over a simple random walk proposal.
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Of course, the marginal likelihood is:

p(Y1:T |θ) = p(y1|θ)
T∏
t=2

p(yt|Y1:t−1, θ), (A.24)

where

p(yt|Y1:t−1, θ) =

ˆ
g(yt|st)

ˆ
f(st|st−1, θ)p(st−1|Y1:T−1, θ)dst−1dst, (A.25)

provides, in explicit form, the predictive likelihood.
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Table 1: Out-of-sample point forecast performance, medium VAR, comparison with KKP
variable BCVAR BCVARC this study BCVAR BCVARC this study

h = 1 h = 2
PAYEMS 0.830 0.838 0.313

model I

0.728 0.732 0.342
model I

CPIAUCSL 0.958 0.967 0.402
model I

0.940 0.936 0.413
model I

FEDFUNDS 1.023 0.962 0.381
model I

0.974 0.945 0.397
model I

INDPRO 0.828 0.889 0.377
model IV

0.931 0.929 0.385
model IV

UNRATE 0803 0.848 0.503
model I

0.844 0.869 0.518
model I

PPIFGS 0.970 0.993 0.281
model I

1.029 1.012 0.294
model I

GS10 0.996 1.013 0.355
model I

1.003 1.003 0.362
model I

h = 3 h = 6
PAYEMS 0.683 0.687 0.515

model I

0.747 0.738 0.588
model I

CPIAUCSL 0.982 0.978 0.482
model I

1.003 0.995 0.495
model I

FEDFUNDS 1.017 1.001 0.411
model I

0.991 0.986 0.425
model I

INDPRO 0.939 0.949 0.402
model IV

0.970 0.957 0.423
model IV

UNRATE 0.871 0.866 0.521
model I

0.939 0.946 0.535
model I

PPIFGS 1.050 1.042 0.303
model I

1.059 1.043 0.387
model I

GS10 1.046 1.032 0.488
model I

1.036 1.038 0.523
model I

h = 9 h = 12
PAYEMS 0.838 0.843 0.717

model I

0.934 0.935 0.682
model I

CPIAUCSL 0.979 0.961 0.691
model I

1.016 1.012 0.662
model I

FEDFUNDS 0.921 0.950 0.657
model I

0.991 0.996 0.682
model I

INDPRO 0.967 0.978 0.672
model IV

0.974 0.975 0.693
model IV

UNRATE 0.954 0.951 0.683
model I

0.968 0.968 0.694
model I

PPIFGS 1.055 1.042 0.623
model I

1.070 1.053 0.663
model I

GS10 1.005 1.016 0.717
model I

1.029 1.023 0.744
model I

Notes: The table reports the ratio between the MSFE of a given model and the MSFE of a benchmark AR(1) for the medium-size VAR. This is computed as

MSFEij =

∑t2−h

τ=t1
e2i,j,τ+h∑t2−h

τ=t1
e2
AR1,j,τ+h

,

for model i, variable j (shown in columns of the table). The forecast horizon is h ∈ {1, 2, 3, 6, 9, 12}. All forecasts are generated out-of-sample using recursive

estimates of the model as in KKP, starting in 1987:07 and ending in 2014:12. The results for BCVAR and BCVARC (the second compresses the covariance

matrix of the VAR as well) are taken from KKP, Table 1, page 29.
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Table 2: Out-of-sample point forecast performance, Large VAR, comparison with KKP
variable BCVAR BCVARC this study BCVAR BCVARC this study

h = 1 h = 2
PAYEMS 0.831 0.864 0.332

model I

0.747 0.762 0.381
model I

CPIAUCSL 0.951 0.942 0.452
model VI

0.911 0.898 0.464
model VI

FEDFUNDS 0.949 0.944 0.381
model I

0.963 0.924 0.397
model I

INDPRO 0.820 0.904 0.327
model IV

0.907 0.935 0.366
model I

UNRATE 0.809 0.897 0.313
model I

0.857 0.893 0.371
model I

PPIFGS 0.967 0.991 0.414
model I

1.013 1.006 0.488
model I

GS10 0.997 1.002 0.380
model I

0.996 1.009 0.482
model I

h = 3 h = 6
PAYEMS 0.717 0.732 0.481

model I

0.764 0.783 0.490
model I

CPIAUCSL 0.923 0.926 0.592
model I

0.897 0.885 0.599
model I

FEDFUNDS 1.001 0.989 0.493
model I

0.998 0.963 0.496
model I

INDPRO 0.927 0.938 0.515
model I

0.975 0.971 0.588
model IV

UNRATE 0.906 0.930 0.516
model I

0.927 0.962 0.552
model I

PPIFGS 1.004 1.007 0.503
model VI

1.001 0.993 0.517
model VI

GS10 1.050 1.047 0.552
model I

1.031 1.022 0.583
model I

h = 9 h = 12
PAYEMS 0.858 0.863 0.582

model I

0.962 0.956 0.661
model I

CPIAUCSL 0.848 0.841 0.617
model I

0.880 0.860 0.623
model I

FEDFUNDS 0.970 1.025 0.603
model I

1.010 0.997 0.620
model I

INDPRO 0.987 0.988 0.519
model IV

0.998 1.000 0.525
model IV

UNRATE 0.979 0.987 0.615
model I

0.998 0.985 0.623
model I

PPIFGS 0.973 0.973 0.600
model I

0.989 0.981 0.633
model I

GS10 0.995 1.022 0.588
model I

1.012 1.000 0.611
model I

Notes: The table reports the ratio between the MSFE of a given model and the MSFE of a benchmark AR(1) for the Large size VAR. This is computed as

MSFEij =

∑t2−h

τ=t1
e2i,j,τ+h∑t2−h

τ=t1
e2
AR1,j,τ+h

,

for model i, variable j (shown in columns of the table). The forecast horizon is h ∈ {1, 2, 3, 6, 9, 12}. All forecasts are generated out-of-sample using recursive

estimates of the model as in KKP, starting in 1987:07 and ending in 2014:12. The results for BCVAR and BCVARC (the second compresses the covariance

matrix of the VAR as well) are taken from KKP, Table 2, page 30.

29



Table 3: Out-of-sample point forecast performance, Huge VAR, comparison with KKP
variable BCVAR BCVARC this study BCVAR BCVARC this study

h = 1 h = 2
PAYEMS 0.777 0.796 0.617

model I

0.640 0.671 0.622
model I

CPIAUCSL 0.928 0.935 0.690
model I

0.887 0.892 0.712
model I

FEDFUNDS 0.965 1.013 0.604
model I

0.962 0.892 0.610
model I

INDPRO 0.844 0.902 0.707
model IV

0.945 0.920 0.710
model IV

UNRATE 0.810 0.860 0.718
model I

0.852 0.852 0.721
model I

PPIFGS 0.974 1.012 0.723
model VI

1.013 1.019 0.733
model I

GS10 1.009 1.015 0.650
model I

1.005 1.044 0.682
model IV

h = 3 h = 6
PAYEMS 0.611 0.622 0.733

model I

0.668 0.706 0.787
model I

CPIAUCSL 0.912 0.904 0.731
model I

0.931 0.916 0.742
model I

FEDFUNDS 0.967 0.987 0.781
model I

0.991 0.988 0.813
model I

INDPRO 0.950 0.938 0.749
model IV

0.967 0.983 0.812
model IV

UNRATE 0.876 0.882 0.803
model I

0.924 0.943 0.822
model I

PPIFGS 1.034 1.048 0.813
model I

1.063 1.041 0.852
model I

GS10 1.049 1.064 0.815
model I

1.022 1.042 0.833
model I

h = 9 h = 12
PAYEMS 0.766 0.760 0.870

model I

0.848 0.866 0.877
model I

CPIAUCSL 0.895 0.885 0.863
model I

0.901 0.872 0.869
model I

FEDFUNDS 0.969 0.995 0.892
model I

1.023 1.035 0.903
model I

INDPRO 0.975 0.990 0.814
model IV

0.989 1.012 0.822
model I

UNRATE 0.951 0.957 0.833
model VI

0.979 0.989 0.841
model I

PPIFGS 1.047 1.035 0.859
model I

1.073 1.042 0.862
model I

GS10 1.006 1.024 0.843
model VI

1.013 1.006 0.849
model I

Notes: The table reports the ratio between the MSFE of a given model and the MSFE of a benchmark AR(1) for the Huge size VAR. This is computed as

MSFEij =

∑t2−h

τ=t1
e2i,j,τ+h∑t2−h

τ=t1
e2
AR1,j,τ+h

,

for model i, variable j (shown in columns of the table). The forecast horizon is h ∈ {1, 2, 3, 6, 9, 12}. All forecasts are generated out-of-sample using recursive

estimates of the model as in KKP, starting in 1987:07 and ending in 2014:12. The results for BCVAR and BCVARC (the second compresses the covariance

matrix of the VAR as well) are taken from KKP, Table 3, page 31.
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Table 4: Out-of-sample density forecast performance, Medium VAR, Comparison with KKP
variable BCVAR BCVARC KKP best this

study

BCVAR BCVARC KKP best this

study

h = 1 h = 2

PAYEMS 0.086 0.083 0.218

BVAR

0.144
model I

0.158 0.163 0.366

BVAR

0.213
model I

CPIAUCSL 0.003 0.156 0.221
model I

-0.263 -0.247 -0.128
model I

FEDFUNDS 0.006 0.005 0.131

BVAR

0.315
model I

0.022 0.022 0.115

BVAR

0.414
model I

INDPRO -0.063 0.028 0.046

FAVAR

0.107
model IV

0.084 0.109 0.122
model I

UNRATE 0.105 0.081 0.167

BVAR

0.215
model I

0.077 0.062 0.131

BVAR

0.233
model I

PPIFGS -0.071 0.020 0.025

DFM

0.103
model I

0.019 -0.063 0.027
model I

GS10 -0.001 -0.007 0.015

BVAR

0.022
model I

-0.008 -0.016 0.014
model I

h = 3 h = 6

PAYEMS 0.172 0.185 0.364

BVAR

0.415
model I

0.144 0.168 0.245

BVAR

0.371
model I

CPIAUCSL -0.095 -0.017 0.043

FAVAR

0.082
model IV

-0.220 -0.249 0.004

FAVAR

0.124
model I

FEDFUNDS 0.014 0.014 0.115

BVAR

0.312
model I

0.017 0.011 0.119

BVAR

0.303
model I

INDPRO 0.125 0.073 0.144

DFM

0.285
model IV

-0.014 0.038 0.052

FAVAR

0.181
model I

UNRATE 0.065 0.062 0.109

BVAR

0.232
model I

0.042 0.040 0.058

BVAR

0.179
model I

PPIFGS 0.049 -0.098 0.105
model VI

-0.172 -0.100 0.003

FAVAR

0.108
model VI

GS10 0.013 0.003 0.014

FAVAR

0.214
model I

-0.003 -0.013 0.003

DFM

0.181
model I

h = 9 h = 12

PAYEMS 0.096 0.084 0.232
model I

0.074 0.089 0.314
model I

CPIAUCSL -0.083 -0.184 0.220

FAVAR

0.415
model I

-0.254 -0.312 -0.037

FAVAR

0.182
model I

FEDFUNDS 0.008 0.005 0.119

BVAR

0.239
model I

-0.006 -0.008 0.109

BVAR

0.111
model I

INDPRO -0.012 -0.077 -0.01
model IV

0.128 0.149 0.150
model I

UNRATE 0.048 0.036 0.047
model I

0.024 0.020 0.033

BVAR

0.032
model I

PPIFGS -0.070 0.060 0.106

FAVAR

0.109
model VI

-0.144 -0.108 0.120

FAVAR

0.122
model I

GS10 0.011 0.001 0.041

BVAR

0.053
model I

-0.003 -0.014 0.010

BVAR

0.019
model I

Notes: The Table reports the average log predictive likelihood (ALPL) difference between a given model and the benchmark AR(1) for the Medium size VAR.
This is defined as:

ALPLijh =
1

t2 − t1 − h + 1

t2−h∑
τ=t1

(LPLi,j,τ+h − LPLAR1,j,τ+h) ,

where LPLi,j,τ+h and LPLAR1,j,τ+h are the log predictive likelihood values of variable j at time τ and forecast horizon h generated by model i and the

benchmark AR(1) model, respectively. All density forecasts are generated out-of-sample using recursive estimates of the model as in KKP, starting in 1987:07

and ending in 2014:12. The results for BCVAR and BCVARC (the second compresses the covariance matrix of the VAR as well) are taken from KKP, Table

4, page 32. The column “KKP best” corresponds to the highest average log predictive likelihood in KKP, Table 4, page 32. Numbers in bold indicate that

the corresponding model performed best in KKP. DFM is the dynamic factor model, FAVAR is the factor-augmented Vector Autoregression and BVAR is the

Bayesian Vector Autoregression of KKP.
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Table 5: Out-of-sample density forecast performance, Large VAR, Comparison with KKP
variable BCVAR BCVARC KKP best this

study

BCVAR BCVARC KKP best this

study

h = 1 h = 2

PAYEMS 0.076 0.063 0.254

BVAR

0.412
model I

0.140 0.137 0.406

BVAR

0.713
model I

CPIAUCSL 0.104 -0.026 0.232
model I

0.032 0.182 0.351
model I

FEDFUNDS 0.004 -0.002 0.147

BVAR

0.271
model I

0.000 0.009 0.018

FAVAR

0.187
model I

INDPRO 0.011 -0.047 0.020

DFM

0.183
model I

0.065 0.090 0.181

BVAR

0.282
model IV

UNRATE 0.089 0.051 0.170

BVAR

0.315
model I

0.083 0.058 0.150

BVAR

0.225
model I

PPIFGS 0.096 -0.024 0.271
model I

0.053 -0.048 0.185
model I

GS10 0.006 0.000 0.036

DFM

0.314
model I

0.021 -0.003 0.277
model I

h = 3 h = 6

PAYEMS 0.159 0.160 0.416

BVAR

0.817
model I

0.121 0.140 0.300

BVAR

0.616
model I

CPIAUCSL -0.073 -0.075 0.256
model I

0.087 -0.061 0.225
model I

FEDFUNDS 0.004 0.006 0.029

BVAR

0.187
model I

0.003 0.012 0.159

BVAR

0.319
model I

INDPRO 0.010 -0.021 0.019
model IV

-0.063 -0.149 0.069

DFM

0.082
model VI

UNRATE 0.061 0.054 0.119

BVAR

0.222
model I

0.042 0.023 0.092

BVAR

0.108
model I

PPIFGS 0.029 -0.125 0.034
model I

0.007 -0.099 0.049

FAVAR

0.077
model I

GS10 0.000 -0.008 0.113
model I

-0.004 -0.009 0.004

BVAR

0.120
model I

h = 9 h = 12

PAYEMS 0.095 0.097 0.165

BVAR

0.188
model I

0.034 0.032 0.063

BVAR

0.171
model I

CPIAUCSL -0.104 -0.158 -0.040

FAVAR

0.132
model I

0.059 -0.058 0.083
model I

FEDFUNDS -0.002 -0.003 0.145

BVAR

0.203
model I

-0.003 -0.004 0.133

BVAR

0.224
model I

INDPRO 0.027 0.050 0.085

DFM

0.173
model VI

0.078 0.180 0.205
model I

UNRATE 0.017 0.013 0.050

BVAR

0.126
model I

0.002 0.008 0.018

DFM

0.019
model I

PPIFGS -0.047 -0.047 -0.021

FAVAR

-0.022
model I

-0.021 -0.138 0.061

FAVAR

0.073
model I

GS10 0.001 -0.017 0.034

BVAR

0.042
model I

-0.009 -0.022 0.029

BVAR

0.039
model I

Notes: The Table reports the average log predictive likelihood (ALPL) difference between a given model and the benchmark AR(1) for the Large size VAR. This
is defined as:

ALPLijh =
1

t2 − t1 − h + 1

t2−h∑
τ=t1

(LPLi,j,τ+h − LPLAR1,j,τ+h) ,

where LPLi,j,τ+h and LPLAR1,j,τ+h are the log predictive likelihood values of variable j at time τ and forecast horizon h generated by model i and the

benchmark AR(1) model, respectively. All density forecasts are generated out-of-sample using recursive estimates of the model as in KKP, starting in 1987:07

and ending in 2014:12. The results for BCVAR and BCVARC (the second compresses the covariance matrix of the VAR as well) are taken from KKP, Table

5, page 33. The column “KKP best” corresponds to the highest average log predictive likelihood in KKP, Table 5, page 33. Numbers in bold indicate that

the corresponding model performed best in KKP. DFM is the dynamic factor model, FAVAR is the factor-augmented Vector Autoregression and BVAR is the

Bayesian Vector Autoregression of KKP.
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Table 6: Out-of-sample density forecast performance, Huge VAR, Comparison with KKP
variable BCVAR BCVARC KKP best this

study

BCVAR BCVARC KKP best this

study

h = 1 h = 2

PAYEMS 0.104 0.102 0.302

BVAR

0.545
model I

0.196 0.196 0.471

BVAR

0.677
model I

CPIAUCSL 0.025 0.052 0.235
model I

0.098 0.095 0.331
model I

FEDFUNDS 0.014 0.010 0.291

BVAR

0.414
model I

0.013 0.014 0.247

BVAR

0.535
model I

INDPRO 0.092 0.026 0.178
model I

0.041 0.179 0.238

DFM

0.338
model I

UNRATE 0.095 0.079 0.157

FAVAR

0.450
model I

0.076 0.079 0.163

BVAR

0.387
model I

PPIFGS 0.059 -0.087 0.125
model I

-0.064 -0.015 0.092
model I

GS10 -0.001 0.000 0.006

BVAR

0.102
model IV

0.012 -0.001 0.117
model I

h = 3 h = 6

PAYEMS 0.229 0.225 0.447

BVAR

0.561
model I

0.199 0.191 0.296

BVAR

0.376
model I

CPIAUCSL 0.000 0.121 0.226
model I

0.227 0.142 0.392
model I

FEDFUNDS 0.022 0.016 0.228

BVAR

0.425
model I

0.007 0.013 0.186

BVAR

0.452
model I

INDPRO 0.052 0.043 0.065

BVAR

0.125
model VI

0.056 -0.088 0.082

DFM

0.103
model I

UNRATE 0.067 0.048 0.106

BVAR

0.108
model I

0.036 0.030 0.084

BVAR

0.092
model I

PPIFGS 0.086 -0.062 0.091
model I

0.003 -0.173 0.106
model I

GS10 0.032 0.009 0.103
model I

0.012 -0.005 0.044
model I

h = 9 h = 12

PAYEMS 0.129 0.123 0.211
model I

0.100 0.110 0.220
model I

CPIAUCSL -0.032 0.059 0.212

DFM

0.267
model I

0.016 -0.171 0.060

DFM

0.093
model I

FEDFUNDS 0.014 0.010 0.275

BVAR

0.338
model I

-0.002 -0.001 0.211

BVAR

0.367
model I

INDPRO 0.081 0.050 0.110

DFM

0.287
model IV

0.021 -0.057 0.062

DFM

0.113
model IV

UNRATE 0.026 0.028 0.045

BVAR

0.071
model I

0.029 0.021 0.034

BVAR

0.085
model I

PPIFGS 0.099 0.039 0.066
model I

-0.144 -0.274 -0.130

FAVAR

0.104
model I

GS10 0.008 -0.011 0.039

BVAR

0.091
model I

-0.005 -0.021 0.034

BVAR

0.087
model I

Notes: The Table reports the average log predictive likelihood (ALPL) difference between a given model and the benchmark AR(1) for the Huge size VAR. This
is defined as:

ALPLijh =
1

t2 − t1 − h + 1

t2−h∑
τ=t1

(LPLi,j,τ+h − LPLAR1,j,τ+h) ,

where LPLi,j,τ+h and LPLAR1,j,τ+h are the log predictive likelihood values of variable j at time τ and forecast horizon h generated by model i and the

benchmark AR(1) model, respectively. All density forecasts are generated out-of-sample using recursive estimates of the model as in KKP, starting in 1987:07

and ending in 2014:12. The results for BCVAR and BCVARC (the second compresses the covariance matrix of the VAR as well) are taken from KKP, Table

6, page 34. The column “KKP best” corresponds to the highest average log predictive likelihood in KKP, Table 6, page 34. Numbers in bold indicate that

the corresponding model performed best in KKP. DFM is the dynamic factor model, FAVAR is the factor-augmented Vector Autoregression and BVAR is the

Bayesian Vector Autoregression of KKP.
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Table 7: Out-of-sample forecast performance: Multivariate results comparison with KKP
medium VAR

best

WMSFE,

KKP

this
study

best

MVALPL,

KKP

this
study

h = 1 0.916
BCVAR

0.716
model I

0.979
BVAR

0.732
model I

h = 2 0.926
BCVARC

0.747
model I

1.068
BVAR

0.763
model I

h = 3 0.940
BVCARC

0.782
model I

1.097
BVAR

0.790
model I

h = 6 0.954
BCVARC

0.812
model I

1.030
BVAR

0.794
model IV

h = 9 0.957
BCVAR

0.822
model I

1.021
BVAR

0.815
model I

h = 12 0.988
FAVAR

0.874
model IV

0.927
BVAR

0.823
model VI

Large VAR
h = 1 0.906

BCVAR

0.712
model I

0.988
BVAR

0.734
model I

h = 2 0.919
BCVAR

0.780
model I

1.011
BCVAR

0.787
model I

h = 3 0.934
BCVAR

0.803
model I

1.023
BCVAR

0.793
model I

h = 6 0.935
BCVARC

0.833
model I

1.187
BVAR

0.801
model VI

h = 9 0.939
BCVAR

0.845
model I

1.198
BVAR

0.892
model I

h = 12 0.965
BCVARC

0.885
model IV

1.017
BVAR

0.902
model VI

Huge VAR
h = 1 0.907

BCVAR

0.702
model I

0.996
BCVAR

0.701
model I

h = 2 0.908
BCVARC

0.781
model I

1.139
BCVAR

0.747
model I

h = 3 0.916
BCVAR

0.832
model I

1.179
BCVAR

0.798
model I

h = 6 0.933
BCVAR

0.845
model I

1.131
BCVAR

0.813
model I

h = 9 0.938
BCVAR

0.871
model I

1.076
BCVAR

0.837
model VI

h = 12 0.968
BCVARC

0.882
model IV

1.009
BCVAR

0.840
model I
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Table 8: MSFE of alternative forecasting methods
LIT BGR SZ new BCVAR MAI

one-quarter real GDP 1.12 1.09 0.96 0.89
model I

0.92
model VI

GDP deflator 1.46 1.97 0.97 0.91
model I

0.95
model VI

funds rate 1.19 1.02 0.98 0.92
model I

0.97
model VI

one-year real GDP 1.32 0.97 0.87 0.90
model I

0.89
model IV

GDP deflator 1.55 2.73 1.04 0.91
model I

1.03
model IV

funds rate 1.03 0.83 0.92 0.91
model I

0.90
model V

Notes: The table reports MSFE of alternative methods relative to the MSFE of the hierarchical Bayes model in Giannone et al (2015). LIT is the method in

Litterman (1980). SZ is the method in Sims and Zha (1998), BGR is the method in Banbura et al (2010). “new BCVAR” is the BCVAR with the optimal

parameters proposed in this study. MAI is the best from the class of MAI models. Columns LIT, BGR and SZ are taken from Table 2 in Giannone et al (2015),

p. 444.
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Figure 2
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Figure 3
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