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ABSTRACT 

This paper introduces a new class of large vector autoregression (VAR) models with a 

hybrid trend structure that explicitly incorporates both trend inflation and inflation 

expectations, proxied by long-term survey forecasts and statistical filters. We develop 

efficient Bayesian estimation methods leveraging recent advances in matrix precision 

algorithms, substantially reducing computational costs and enabling large-scale 

forecasting exercises. Using a dataset of 20 U.S. macroeconomic variables, we show 

that incorporating trend inflation and survey-based expectations within a high-

dimensional VAR framework markedly improves inflation forecast accuracy relative 

to widely used large-VAR benchmarks. 
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1 Introduction

Measuring and forecasting in�ation accurately is central to the conduct of credible mone-
tary policy. Central banks routinely produce macroeconomic and in�ation forecasts that
play a decisive role in determining their policy stance. Consequently, the importance of
in�ation forecasting has long motivated both academic research and policy institutions to
develop econometric models capable of producing reliable in�ation forecasts (see e.g. Faust
& Wright, 2013, and references therein). More recently, the worldwide in�ationary pres-
sures observed in the aftermath of the COVID-19 pandemic have renewed interest in this
area. Researchers have revisited the ability of well-established models to forecast in�ation,
such as the Phillips curve framework (see e.g. Ba«bura & Bobeica, 2022, and references
therein), while also proposing modern computationally intensive approaches that exploit
the informational content of large datasets (see e.g. Hauzenberger, Huber, & Klieber, 2023,
and references therein).

Following the seminal contribution of Ba«bura, Giannone, and Reichlin (2010), large
vector autoregression (VAR) models have become a standard tool in macroeconomic fore-
casting. The macroeconometric literature has largely concluded that exploiting the infor-
mational content of large datasets of macroeconomic and �nancial variables, combined with
an appropriate degree of Bayesian shrinkage, improves macroeconomic�and particularly
in�ation�forecasting performance (see e.g. Ba«bura et al., 2010; Carriero, Clark, & Mar-
cellino, 2015, 2016a, 2019; Koop & Korobilis, 2013; Giannone, Lenza, & Primiceri, 2015;
Chan, 2020a, 2020b, 2022, among others). Another strand of the VAR literature empha-
sizes the importance of modeling the unconditional mean of the data-generating process in
order to enhance forecasting performance. Existing empirical evidence suggests that both
informative steady-state priors and speci�cations that allow for time-varying unconditional
means or trends can substantially improve the forecasting performance of VAR models (see
e.g. Villani, 2009; D. Louzis, 2016b; D. P. Louzis, 2019; Banbura & van Vlodrop, 2018;
Banbura, Brenna, Paredes, & Ravazzolo, 2021; Banbura, Leiva-Leon, & Menz, 2021).

Focusing more speci�cally on in�ation modeling and forecasting, several studies high-
light the importance of trend in�ation within unobserved component (UC) frameworks. In
particular, Stock and Watson (2007), Chan, Koop, and Potter (2013), Chan, Koop, and
Potter (2016), and Chan, Clark, and Koop (2018) emphasize the role of trend in�ation
in improving in�ation forecasts using univariate and bivariate UC models. Notably, Chan
et al. (2018) show that incorporating information from in�ation expectations�proxied by
long-term survey forecasts�can further improve both the estimation of trend in�ation and
the forecasting performance of univariate UC models. In a related contribution, Banbura,
Leiva-Leon, and Menz (2021) augment a small-scale VAR model comprising GDP, in�ation,
and interest rates with survey-based in�ation expectations and demonstrate their relevance
for in�ation forecasting.

In this paper, we contribute to the aforementioned literature by proposing a new class of
large VAR models that incorporates both trend in�ation and in�ation expectations, prox-
ied by long-term survey forecasts and statistical �lters. A key innovation of our approach
is its hybrid structure: the model allows for time-varying unconditional means (or trends)
in in�ation measures while maintaining constant unconditional means for the remaining
endogenous variables. Furthermore, we incorporate in�ation expectations using the struc-
ture proposed by Chan et al. (2018), which enables us to examine whether survey-based
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in�ation expectations constitute unbiased proxies for model-implied trend in�ation. From
a computational perspective, we develop an e�cient Markov Chain Monte Carlo (MCMC)
Gibbs sampler based on the precision matrix algorithms of Chan and Jeliazkov (2009).
This approach avoids the computationally intensive Kalman �ltering procedures typically
used in state-space models.

The proposed speci�cation therefore combines the informational content of a large num-
ber (typically ⩾ 20) of macroeconomic and �nancial variables with information from in�a-
tion expectations and a time-varying speci�cation of in�ation trends. At the same time, the
hybrid structure of the model substantially reduces the number of parameters relative to
fully time-varying speci�cations. Together with the proposed e�cient sampling algorithm,
this feature makes it feasible to conduct computationally demanding recursive forecasting
exercises. In the empirical application, we evaluate the proposed framework using a dataset
of twenty U.S. macroeconomic variables and an out-of-sample forecasting period spanning
the last forty years.

The remainder of the paper is organized as follows. Section 2 presents the model.
Section 3 describes the proposed Gibbs sampler. Section 4 reports the estimation results
and the out-of-sample forecasting evaluation, while Section 5 concludes.

2 A trend in�ation VAR model with in�ation expecta-

tions

This section introduces a trend-in�ation large VAR model augmented with in�ation ex-
pectations (Ti-VARe) and common stochastic volatility (CSV) in the error terms. The
proposed speci�cation has a hybrid structure, as it allows for time-varying unconditional
means (or trends) in the in�ation measures of interest while maintaining constant uncon-
ditional means for the remaining endogenous variables. Although the model can be easily
generalized to allow for time variation in the unconditional means of any variable in the
system, in this paper we focus exclusively on in�ation-related measures.

More formally, the Ti-VARe-CSV model is speci�ed as follows:

yt = τ t +

p∑
l=1

Bl

(
yt−l − τ t−l

)
+ εt, εt ∼ N (0, exp(ht)Σ) (1)

τ t = Sγγ + Sτπτ
π
t (2)

τπj,t = τπj,t−1 + ετπj,t , j = 1, ..., q, ετπj,t ∼ N (0, exp(gj,t)) (3)

πe
j,t = αj + δjτ

π
j,t + επej,t, j = 1, ..., q, επej,t ∼ N (0, φ2

j) (4)

ht = ρht−1 + εht , |ρ| < 1 εht ∼ N (0, κ2) (5)

gj,t = gj,t−1 + εgj,t, j = 1, .., q εgj,t ∼ N (0, λ2
j) (6)

where yt = (y1,t, ..., yn,t)
′ is a n× 1 vector of endogenous variables with n potentially large,

i.e. n ⩾ 20, B1, ...,Bp are n × n coe�cient matrices, εt is an i.i.d. Gaussian error term
with common stochastic volatility, i.e. exp(ht)Σ), Σ is a n× n covariance matrix and ht is
the log volatility which follows an AR(1) process described in (5) (see also Chan, 2020a).

Equation (2) de�nes the unconditional mean of the process, E(yt) = τ t, which consists
of a time-invariant component, γ, and a time-varying component, τ π

t , associated with the
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in�ation measures. The matrices Sγ and Sτπ are n×(n−q) and n×q selection matrices that
determine the variables with constant and time-varying unconditional means, respectively.
In particular, q denotes the number of variables with evolving trends. The selection matrix
Sγ (Sτπ) is constructed by selecting the (n− q) (q) columns of the n×n identity matrix In
corresponding to the positions of variables with time-invariant (time-varying) unconditional
means.

Example 1 illustrates the structure of the model.

Example 1. Assume that there are two in�ation measures (q = 2) ordered second and
third in a �ve-variable (n = 5) VAR model. Then, Sγ and Sτπ selection matrices take the
form:

Sγ =

1 0 0
0 0 0
0 0 0
0 1 0
0 0 1

 and Sτπ =

0 0
1 0
0 1
0 0
0 0

 .

Next, we model trend in�ation, τπj,t, for j = 1, . . . , q, in (3) as a driftless random walk,
following the long tradition in time-varying parameter models. In addition, we allow for
stochastic volatility in the associated error terms, denoted by exp(gj,t), for j = 1, . . . , q.
The log-volatility process, gj,t, de�ned in (6), is also assumed to follow a driftless random
walk.

Finally, following Chan et al. (2018), we incorporate in�ation expectations into the
model through an additional measurement equation described in (4). Speci�cally, in�ation
expectations, πe

j,t for j = 1, . . . , q, are assumed to depend on trend in�ation. The constant
term, αj, and the slope coe�cient, βj, capture potential biases between the proxy used for
in�ation expectations and the underlying trend in�ation. In the case of an unbiased proxy,
in�ation expectations would move one-for-one with trend in�ation, implying βj = 1 and
αj = 0.1

Overall, the Ti-VARe-CSV model is su�ciently �exible to capture structural changes
in trend in�ation, incorporate information from in�ation expectations, and nest several
alternative VAR speci�cations proposed in the literature. For instance, setting Sγ = In
and Sτπ = 0 yields a steady-state VAR model (Villani, 2009). Conversely, setting Sγ =
0 and Sτπ = In, while omitting (4), produces a time-varying steady-state VAR model
(D. P. Louzis, 2019). Finally, by imposing βj = 1 and αj = 0 we build models similar to
those employed in Banbura, Brenna, et al. (2021). Additional details on these restricted
speci�cations of the Ti-VARe-CSV model are provided in Section 4.2.

3 Bayesian estimation

In this section, we present the Markov Chain Monte Carlo (MCMC) algorithm developed
to estimate the proposed model. In particular, the Ti-VARe-CSV speci�cation can be
formulated as a linear state-space model, which is typically estimated using Kalman �ltering
techniques (see e.g. D. P. Louzis, 2019; Banbura & van Vlodrop, 2018). However, when

1The authors also consider a time-varying parameter speci�cation with MA innovations for (4). Since
our focus is primarily on in�ation forecasting, we do not adopt this speci�cation, as it would substantially
increase the computational burden in recursive forecasting exercises.
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the Ti-VARe-CSV model involves a large cross-section of variables (i.e., n ⩾ 20), the
Kalman �lter approach may become computationally burdensome in practice due to the
high dimensionality of the state vector.

To address this issue, we rely on the precision-based sampler of Chan and Jeliazkov
(2009), which exploits fast band matrix algorithms to e�ciently sample high-dimensional
state vectors. Using this approach, we develop an e�cient estimation algorithm for the
Ti-VARe-CSV model and its restricted variants.2

3.1 An e�cient posterior sampler

Before proceeding to the presentation of the algorithm we �rst de�ne a number of quantities
for both future reference and notational convenience. To that end, we stack yt over t and
we de�ne y = (y′

1, ...,y
′
T )

′, while the quantities τ π, πe, ε, επe, εh, εg are de�ned similarly.
The vectors h and gj ∀j gather the stochastic volatility of the error terms and are de�ned
as h = (h1, ...,hT )

′ and gj = (gj1, ..., gjT )
′.3

We sequentially draw the Ti-VARe-CSV coe�cients from their respective conditional
posterior densities using the following Gibbs sampler:

1. p(τ π|y,πe,B,Σ,h,γ, τ π
0 , {gj}

q
j=1);

2. p(γ|y,πe,B,Σ,h, τ π);

3. p(B,Σ|y,πe,γ, τ π,h);

4. p(h|y,πe,B,Σ,γ, τ π);

5. p(gj|y,πe, τ π, gj0, λ
2
j) for j = 1, ..., q;

6. p(τ π
0 |y,πe, τ π

1 , {gj}
q
j=1));

7. p(ϑ|y,πe, τ π,γ,B,Σ,h, {gj}
q
j=1,) ;

where ϑ = (κ2, ρ, {αj, δj, φ
2
j , gj,0, λ

2
j}

q
j=1), B = (B1, ...,Bn)

′
and τ π

0 and gj,0 are the starting
values for τ π and gj,0, respectively, which are treated as unknown parameters.

Next, we discuss how to sample e�ciently from the posterior densities concentrating on
steps 1 and 2, since the residual steps are standard in the literature and the interested reader
is referred to (Chan, 2020b). Especially, sampling τ π is of great interest in computational
terms since it is the most time consuming step of the algorithm.

In order to implement Step 1 we should �rst notice that τ π is employed in measurement
equations (1) and (4) and also in state equation (3). Therefore, we should use all three
sources of information to derive the posterior density of τ π given that innovations, εt,
ετπt , επet are i.i.d and independent from each other. Next, we derive expressions in matrix
notation for each of the equations which enable us to implement the precision matrix
algorithm.

2See Joshua Chan's webpage (https://joshuachan.org/ ) for various applications of the precision
sampler.

3y and ε are nT × 1, πe, τπ, ετπ and επe are qT × 1, h and gj are T × 1 vectors.
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In particular, we can rewrite (1) as (see Appendix B.1 for more details):

ỹγ = HBS̄τπτ
π + ε, ε ∼ N (0,Ω⊗Σ) (7)

where ỹγ = HBȳγ, ȳγ = y−S̄γγ, S̄γ = 1T⊗Sγ, S̄τπ = IT⊗Sτπ,Ω = diag(exp(h1), ..., exp(hT ))
and HB is the following square (nT × nT ) band matrix:

HB =


In 0 0 . . . 0

−B1 In 0 . . . 0
−B2 −B1 In . . . 0
...

. . . . . . . . . 0
0 −Bp . . . −B1 In

 (8)

Therefore, by a simple change of variable we can write ỹγ|B,Σ,Ω, τ π,γ ∼ N (HBS̄τπτ
π,Ω⊗

Σ) implying the following log density:

logp(ỹγ|B,Σ,h, τ π,γ) ∝ −1

2
(ỹγ −HBS̄τπτ

π)′(Ω−1 ⊗Σ−1)(ỹγ −HBS̄τπτ
π) (9)

where Ω−1 = diag(exp(−h1), ..., exp(−hT )).
Next we rewrite (4) as:

π̃e = Dτ π + επe, επe ∼ N (0, IT ⊗Φ) (10)

where π̃e = πe − α, α = 1T ⊗ (α1, ..., αq)
′, D = IT ⊗ (δ1, ..., δq)

′ and Φ = diag(φ2
1, ..., φ

2
q)

with joint conditional distribution π̃e|α,D, τ π,Φ ∼ N (Dτ π, IT ⊗Φ) and log density:

logp(π̃e|τ π,α,D,Φ) ∝ −1

2
(π̃e −Dτ π)′(IT ⊗Φ−1)(π̃e −Dτ π) (11)

Thus far, we have re-framed measurement equations (1) and (4) as normal linear re-
gressions and we can derive their log likelihood by just adding the log densities in (9) and
(11). Now, we need a prior distribution for τ π so as to derive its conditional posterior
distribution via the Bayes rule. Hence, we rewrite the state equation in(3) as:

Hτ π = aτπ + ϵτπ, ϵτπ ∼ N (0,G) (12)

where aτπ = (τ π′
0 ,0, ...,0)

′ with τ π
0 being a q×1 vector of the starting values of the process,

G = diag((exp(g1,1), ..., exp(gq,1))′, ..., (exp(g1,T ), ..., exp(gq,T ))′) and H is a qT × qT matrix
de�ned as:

H =


Iq 0 0 . . . 0
−Iq Iq 0 . . . 0
0 −Iq Iq . . . 0
...

. . . . . . . . . 0
0 0 . . . −Iq Iq

 (13)

At this point we should note that both HB and H are sparse matrices, i.e. the vast
majority of entries are zero, where the non-zero elements are arranged below the main
unitary diagonal. This structure leads to signi�cant computational gains and since it holds
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that |HB| = |H| = 1 ∀Bi, the matrices are invertible meaning that we can rephrase (12)
as (Chan & Jeliazkov, 2009; Chan, 2013):4,5

τ π = τ̃ π + ϵ̃τπ, ϵ̃τπ ∼ N (0, G̃) (14)

where τ̃ π = H−1aτπ = 1T ⊗τ π
0 , ϵ̃

τπ = H−1ϵτπ and G̃ = (H′G−1H)−1, implying a Gaussian
prior distribution for τ π, i.e. τ π|τ π

0 ,G ∼ N (τ̃ π, G̃) with log density:

logp(τ π|τ π
0 ,G) ∝ −1

2
(τ π − τ̃ π)′G̃−1(τ π − τ̃ π) (15)

Now, we can derive the conditional posterior distribution for τ π by combining the
likelihood, (9) and (11), with the prior, (15). We ignore any term not including τ π and we
apply the completing-the-squares technique to get:

logp(τ π|y,πe,B,Σ,h,γ, τ π
0 , {gj}

q
j=1) ∝− 1

2
(ỹγ −HBS̄τπτ

π)′(Ω−1 ⊗Σ−1)(ỹγ −HBS̄τπτ
π)

− 1

2
(πe −α−Dτ π)′(IT ⊗Φ−1)(πe −α−Dτ π)

− 1

2
(τ π − τ̃ π)′G̃−1(τ π − τ̃ π)

∝− 1

2

{
−2τ π′ [S̄′

τπH
′
B(Ω

−1 ⊗Σ−1)ỹγ . . .

+D′(IT ⊗Φ−1)(πe −α) + G̃−1τ̃ π
]
. . .

+τ π′
[
S̄′
τπH

′
B(Ω

−1 ⊗Σ−1)HBS̄τπ +D′(IT ⊗Φ−1)D+ G̃−1
]
τ π

}
∝− 1

2

(
−2τ π′K−1

τπ τ̂
π + τ π′K−1

τπτ
π + τ̂ π′K−1

τπ τ̂
π
)

∝− 1

2
(τ π − τ̂ π)′K−1

τπ (τ
π − τ̂ π)

(16)

which is a multivariate Gaussian kernel with mean τ̂ π and covariance matrixKτπ, implying
a Gaussian conditional posterior distribution for τ π of the form:

τ π|y,πe,B,Σ,h,γ, τ π
0 , {gj}

q
j=1 ∼ N (τ̂ π,Kτπ) (17)

where Kτπ = [(HBS̄τπ)
′(Ω−1 ⊗ Σ−1)(HBS̄τπ) + D′(IT ⊗ Σ−1

πe )D + G̃−1]−1 and τ̂ π =
K−1

τπ [(HBS̄τπ)
′(Ω−1 ⊗Σ−1)ỹγ +D′(IT ⊗Σ−1

πe )(π
e −α) + G̃−1τ̃ π].

Turning to Step 2, we work similarly and we rewrite (1) as a standard linear regression
using matrix notation:

ỹτπ = HBS̄γγ + ε, ε ∼ N (0,Ω⊗Σ) (18)

4|.| denotes the determinant. See also (Chan, 2017) for a textbook treatment of fast band matrix
algorithm methods.

5First, it is trivial to show that Σ̃ = Cov(ε̃) = Cov(HB
−1ε) = HB

−1Cov(ε)HB
−1′ = HB

−1(IT ⊗
Σ)HB

−1′ using standard covariance properties. Second, for computational e�ciency reasons it is often

more convenient to write Σ̃ = (Σ̃
−1

)−1 = (HB
′(IT ⊗ Σ−1)HB)

−1. This last result follows from the
fact that for any three invertible square matrices holds that (ABC)−1 = C−1B−1A−1 and also that
(IT ⊗Σ)−1 = IT ⊗Σ−1.
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where ỹτπ = HBȳτπ and ȳτπ = y−S̄τπτ
π with conditional distribution ỹτπ|B,Σ,h, τ π,γ ∼

N (HBS̄γγ,Ω⊗Σ) and log density:

logp(ỹτπ|B,Σ,h, τ π,γ) ∝ −1

2
(ỹµ −HBS̄γγ)

′(Ω−1 ⊗Σ−1)(ỹµ −HBS̄γγ) (19)

Assuming a Gaussian prior distribution for γ, i.e. γ ∼ N (γ0,Vγ), and applying standard
regression results, we can show that the posterior distribution of γ is given by:

γ|y,B,Σ,h, τ π ∼ N (γ̂,Kγ) (20)

whereKγ = [(HBS̄γ)
′(Ω−1⊗Σ−1)(HBS̄γ)+V−1

γ ]−1 and γ̂ = K−1
γ [(HBS̄γ)

′(Ω−1⊗Σ−1)ỹτπ+
V−1

γ γ0].

3.1.1 Improving the e�ciency of the algorithm

We can further improve the computational e�ciency of the algorithm if we elaborate more
on speci�c quantities of the algorithm. In particular, we focus on the computation of
products which contain the sparse matrix HB and are of crucial importance in terms of
numerical e�ciency of the algorithm.

More speci�cally, in Propositions C.1 and C.2 (see the Technical Appendix C) we show
that HBS̄τπ and HBS̄γ in (7) and (18), respectively, can be alternatively computed much
more e�ciently relying only on p matrix multiplications, i.e. {BiSτπ}pi=1 and {BiSγ}pi=1.
In even more detail, computing HBS̄τπ or HBS̄γ requires Oq{np[T − 1− (p− 1)/2] + T})
arithmetic operations while the alternative method has a complexity of order O(pnq). For
T > (p + 3)/2, which is always true in a typical macroeconometric application with a
standard data and lag length, e.g. T ⩾ 40 and p ∈ [2, 13], we show that O(pnq) <
O(q{np[T − 1 − (p − 1)/2] + T}), implying that for larger samples, i.e. as T → ∞, we
obtain greater computational gains.

The sparse matrix HB is also involved in the calculation of ỹγ = HBȳγ in (7) which,
as we show in Proposition C.3, is O(n{np[T − 1 − (p − 1)/2] + T}); however, we can
alternatively compute ỹγ in a computationally e�cient way as ỹγ = (ỹ′

γ1, ..., ỹ
′
γT )

′ where
ỹγt = ȳγ,t −B1ȳγ,t−1 − ...−Bpȳγ,t−p and ȳγ,t = yt − Sτπτ

π
t . The latter approach requires

O(n2p[T − (p + 1)/2]) arithmetic operations which is always smaller than the arithmetic
operations required to compute HBȳγ (see Proposition C.3) proving the e�ciency of the
alternative method over the sparse matrix multiplication. The same result also holds
for ỹτπ = HBȳτπ in (18), which can also be calculated more e�ciently by constructing
the vector ỹτπ = (ỹ′

τπ,1, ..., ỹ
′
τπ,T )

′ where ỹτπ,t = ȳτπ,t − B1ȳτπ,t−1 − ... − Bpȳτπ,t−p and
ȳτπ,t = yt − Sγγ.6

4 Empirical work

4.1 Data and in�ation expectation proxies

The empirical analysis of the proposed model is based on a dataset of twenty quarterly
macroeconomic and �nancial variables from the U.S. economy, covering more than sixty

6To be precise, the two methods are equivalent if we assume y0 = y−1 =, ...,= y1−p = 0
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years, from 1959Q2 to 2021Q3. The selection of variables follows the recent large VAR
literature (see e.g. Chan, 2022, for a recent contribution) and the data are obtained from
the FRED-QD database maintained by the Federal Reserve Bank of St. Louis (McCracken
& Ng, 2020). The dataset includes standard measures of economic activity, in�ation, la-
bor market conditions, money supply, interest rates, and other �nancial indicators. Most
variables are transformed into annualized growth rates to achieve stationarity, with the ex-
ception of the unemployment rate and interest rates. A detailed description of all variables
and their corresponding transformations is provided in Appendix A.

In the remainder of the paper, we focus on three measures of in�ation, πj,t, which are
widely used in both academic research and monetary policy analysis by the Federal Re-
serve: Consumer Price Index (CPI) in�ation, Personal Consumption Expenditures (PCE)
in�ation, and the GDP price de�ator (GDPd).7 As noted by Chan et al. (2018), CPI in�a-
tion is easily communicated to the public; however, its historical data do not fully re�ect
methodological changes, which may introduce structural instabilities. In contrast, PCE
in�ation is regularly revised to account for methodological changes and is the reference
measure for the Federal Reserve's long-run in�ation target. We also report results for the
GDP de�ator, as it is typically included in large VAR datasets and therefore provides a
useful benchmark for assessing the forecasting performance of the proposed framework.

Following the recent literature, and subject to data availability, we employ survey-based
long-term in�ation forecasts as well as exponential weighted moving average (EWMA)
�lters to proxy in�ation expectations for each of the three in�ation measures, denoted by
πe
j,t for j ∈ CPI,PCE,GDPd (see e.g. Chan et al., 2018; Ba«bura & Bobeica, 2022).8 Table
1 summarizes the proxies used to construct the in�ation expectations series.

More speci�cally, CPI in�ation expectations are proxied using long-term forecasts from
the Blue Chip Consensus and the Survey of Professional Forecasters (SPF) conducted
by the Federal Reserve Bank of Philadelphia. For the period 1959Q2�1979Q4, during
which survey-based expectations are unavailable, we use the EWMA �lter to construct the
corresponding expectations series. For PCE in�ation, we employ the long-run PCE in�ation
expectation series (PTR) from the Federal Reserve Board's FRB/US econometric model,
and missing observations for 1959Q2�1967Q4 are imputed using the EWMA �lter.9 Finally,
for the GDP de�ator, we rely exclusively on the EWMA �lter to proxy long-run in�ation
expectations, since no publicly available survey-based forecasts exist for this measure.

7The corresponding mnemonics in the FRED-QD database are CPIAUCSL, PCECTPI, and GDPCTPI.
8The exponential weighted moving average (EWMA) �lter has been widely used as a proxy for trend

in�ation in U.S. in�ation forecasting studies (see e.g. Clark & McCracken, 2011; Faust & Wright, 2013;
Clark & McCracken, 2010) as well as in studies for the euro area (Ba«bura & Bobeica, 2022).

9PTR is a quasi survey-based measure, as part of the series is constructed using an econometric com-
ponent; see Chan et al. (2018) for details.
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Table 1: Proxies used as in�ation expectations

Periods1

In�ation measures 1959 Q2 - 1967 Q4 1967 Q1 - 1979 Q4 1980 Q1 - 1991 Q3 1991 Q4 - 2021 Q3

CPI in�ation EWMA2 Blue Chip3 Philadelphia4

PCE in�ation EWMA PTR5

GDP de�ator EWMA
1 The cells of the in�ation expectation proxies used for more than one period are colored in light blue.
2 EWMA is πeEWMA

j,t = λπeEWMA
j,t−1 + (1− λ)πj,t−1 with λ = 0.96 and j = CPI, PCE,GDP .

3 Blue Chip are the survey based long-term (6-10 years) in�ation forecasts taken twice a year (March and Oc-
tober) from Blue Chip Economic Indicators and are obtain from the Federal Reserve Bank of Philadelphia,
https://www.philadelphiafed.org/surveys-and-data/real-time-data-research/in�ation-forecasts. We use linear inter-
polation for the missing observations.
4 Philadelphia denotes the 10-year-ahead in�ation forecats from the survey of professional forecasters of the Federal
Reserve Bank of Philadelphia, https://www.philadelphiafed.org/surveys-and-data/real-time-data-research/in�ation-
forecasts.
5 PTR denotes the long-run PCE in�ation expectation series included in the Federal Reserve Board of Governor's
FRB/US econometric model and is taken from https://www.federalreserve.gov/econres/us-models-package.htm.

We argue that using a statistical �lter to proxy in�ation expectations in the absence of
publicly available data is the preferred approach for two main reasons. First, the empirical
literature shows that detrending in�ation measures with an EWMA �lter enhances the
forecasting performance of models, at least for the U.S. economy (Clark &McCracken, 2011;
Faust & Wright, 2013; Clark & McCracken, 2010) (see also Banbura, Leiva-Leon, and Menz
(2021) for the euro area). These �ndings suggest that the EWMA �lter contains valuable
information that can be incorporated into the model, particularly in the measurement
equation (4). Second, a visual comparison of the EWMA-based and survey-based in�ation
expectations indicates that the two series are remarkably similar over the entire sample
period.

The long span of the data set allows us to assess the model's performance across all
major periods of recent U.S. economic history, including the Great In�ation of the 1970s
and early 1980s, the subsequent Great Moderation, and the Global Financial Crisis of
2007�2009. The post-COVID-19 in�ation episode is also included, enabling an evaluation
of the model's forecasting ability during the current high-in�ation environment.

4.2 Competing models

Table 2 summarizes the alternative models considered in this study, while additional details
are provided in Appendix D. In particular, we estimate several restricted versions of the
proposed Ti-VARe-CSV model in order to investigate a range of research questions related
to in�ation forecasting and trend in�ation estimation within a large VAR framework.
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Table 2: Alternative (restricted) speci�cations

Name Brief description
M0 VAR-CSV (Chan, 2020a).

M1 The proposed model with Sγ = In and Sτπ = 0
resulting in a steady-state VAR-CSV (D. P. Louzis, 2019).

M2 The proposed model without the in�ation expectation equation (4) and
an extra common trend in�ation factor.

M3 The M2 model without the common trend in�ation factor.
M4 Restricts the proposed model so that αj = 0, δj = 1 and gj,t∀j is constant;

we use the EWMA �lter to proxy in�ation expectations.
M5 The M4 model but with the in�ation expectation proxies of Table 1.
M6 The M5 model with stochastic volatility in the error terms

of the trend in�ation equation 3.
M7 The proposed model Ti-VARe-CSV.

For instance, by setting Sγ = In and Sτπ = 0 in the proposed model (M7), we obtain
model M1, which corresponds to a large steady-state VAR-CSV speci�cation proposed
by D. P. Louzis (2019). This speci�cation allows us to investigate whether imposing an
informative prior on the unconditional mean of the process can materially improve in�ation
forecasting relative to the benchmark VAR-CSV model of Chan (2020a), which serves as
our baseline model (M0).10

Models M2 and M3 are also restricted versions of the proposed M7 speci�cation, as they
do not incorporate information from in�ation expectations. Nevertheless, these models
allow us to examine the extent of time variation in trend in�ation and to assess whether
such variation improves in�ation forecasting accuracy.

The remaining restricted speci�cations�models M4, M5, and M6�incorporate in�ation
expectations through the measurement equation (4), as in the proposed model. However,
following Chan et al. (2018), we impose additional restrictions on (4) in order to investigate
whether speci�c features of the in�ation expectations speci�cation improve trend in�ation
estimation and in�ation predictability.

More speci�cally, models M4 and M5 assume that the selected measure of in�ation
expectations is an unbiased proxy for trend in�ation. This restriction implies αj = 0 and
δj = 1 for all j, as in Banbura, Leiva-Leon, and Menz (2021). In addition, these models as-
sume homoscedastic error terms in (4), implying that gj,t is constant for all j. The di�erence
between M4 and M5 lies in the proxy used for in�ation expectations. Model M4 uses the
EWMA statistical �lter for all in�ation measures, whereas model M5 employs survey-based
long-term in�ation forecasts whenever such data are available. This comparison allows us
to assess whether survey-based proxies for in�ation expectations contain additional useful
information for forecasting relative to a backward-looking statistical �lter. Finally, model
M6 is similar to M5 but relaxes the homoscedasticity assumption by allowing the volatility
process gj,t to vary over time.

10The authors in Chan (2020a, 2020b) repeatedly demonstrate the superior forecasting performance of
large-scale VAR-CSV models relative to small-n systems or speci�cations with constant volatility using
a similar dataset. Therefore, including a Ti-VARe speci�cation with a small cross-section or without
common stochastic volatility would be of limited empirical interest for this study. Our framework could
also be extended to account for MA and fat-tailed innovations, as proposed by Chan (2020a), but this
extension is beyond the scope of the present paper. For a related discussion see D. P. Louzis (2019).
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4.3 In-sample estimation results

This section presents the estimation results for the proposed Ti-VARe-CSV (M7) model,
which is described in detail in Section 2. The model is estimated using the full sample and
a Markov Chain Monte Carlo (MCMC) algorithm with 55,000 total iterations, a burn-in
period of 5,000 draws, and a thinning factor of 5. Consequently, the results reported in
this section are based on 10,000 posterior draws.

We begin the empirical analysis by evaluating the convergence of the proposed MCMC
sampler using the well established ine�ciency factor (IF) as a convergence diagnostic
(Primiceri, 2005), i.e.:

1 + 2
L∑
l=1

ρl (21)

where L is chosen su�ciently large such that the autocorrelations ρl taper o�.
To summarize the distribution of the ine�ciency factors, we present box plots. In each

box plot, the central line represents the median of the distribution, while the upper and
lower edges of the box correspond to the 75th and 25th percentiles, respectively. The
whiskers indicate the maximum and minimum values. The results indicate that the vast
majority of the ine�ciency factors lie well below the commonly used threshold value of
20, suggesting that the proposed sampler generates posterior draws with relatively low
autocorrelation.
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Figure 1: Box-plots of ine�ciency factors of posterior draws from the Ti-VARe-
CSV (M7) model. The vector θ gathers the remaining coe�cients, i.e. θ =
{vec(B), vec(Σ), {dj0}3j=1, {dj1}3j=1, }, {σπe

j }3j=1, ρ, φ, {φ
g
j}3j=1, {τπj0}3j=1, {gj0}3j=1}

Next, Figure 2 presents the posterior means of trend in�ation, τπj,t for j ∈ PCE,GDPd,CPI,
obtained from all eight model speci�cations reported in Table 2. The left column of Figure
2 displays the posterior means of trend in�ation (red lines) together with the 68% and 95%
credible intervals, the observed in�ation series (blue dashed lines), and the correspond-
ing in�ation expectations proxies (black lines; see Table 1), based on the proposed M7
speci�cation.

Overall, the estimated trend in�ation series are considerably smoother than the observed
in�ation rates and closely track the in�ation expectations proxies, particularly after 2000,
across all three in�ation measures. Moreover, the credible intervals for trend in�ation
almost always contain the corresponding in�ation expectations proxy. The only exceptions
occur during a few short episodes in the 1970s and early 1980s.
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Figure 2: Posterior means of trend in�ation, τπjt, with j = PCE,GDPd,CPI using the
alternative speci�cations of Table 2. CI denotes the con�dence interval.
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Overall, our �ndings are broadly consistent with those of Chan et al. (2018), with one
notable di�erence: our estimates of trend in�ation do not systematically underestimate the
corresponding in�ation expectations proxies. This result can be understood by examining
the posterior estimates of the parameters d0,j and d1,j in equation (4). Speci�cally, the
estimated values of d0,j and d1,j are close to zero and unity, respectively, indicating that
the in�ation expectations proxies used in this study�namely the EWMA �lter and long-
run survey-based in�ation forecasts�constitute approximately unbiased measures of trend
in�ation (see Figure E.7 in Appendix E).

Recall that Chan et al. (2018), using a univariate framework, �nd that long-run survey-
based in�ation forecasts are biased proxies for model-implied trend in�ation. By contrast,
our results suggest that such biases are considerably weaker in the present framework. This
di�erence may be attributed to several factors: (i) the multivariate structure of our model
and the additional information contained in the macroeconomic variables included in the
system; (ii) the use of a backward-looking statistical �lter (EWMA) as an alternative proxy
for in�ation expectations; and (iii) di�erences in the sample period considered.

The right column of Figure 2 presents the posterior means of trend in�ation produced
by the alternative model speci�cations reported in Table 2. A striking feature of these
results is that the unconditional mean implied by the baseline M0 model is close to zero,
which lies well below both the Federal Reserve's in�ation target (approximately 2%) and
the historical average of observed in�ation.

Turning to the M1 speci�cation, i.e., the steady-state VAR model, we observe that it
tends to underestimate trend in�ation during the Great In�ation period of the 1970s and
early 1980s, while overestimating trend in�ation during the subsequent Great Moderation
and towards the end of the sample. This pattern suggests that explicitly modeling time
variation in trend in�ation may be bene�cial even in a large cross-sectional VAR framework.

Furthermore, the trend in�ation estimates produced by the M2 model exhibit the low-
est degree of time variation, followed by those generated by the M3 speci�cation. Recall
that neither M2 nor M3 incorporates information from in�ation expectations. By contrast,
models M4 and M5�which incorporate in�ation expectations through the EWMA �lter
and long-run survey-based forecasts, respectively�produce very similar trend in�ation dy-
namics. In particular, both models indicate that trend in�ation rises to approximately
6% (around 5% for the PCE measure) during the 1980s and stabilizes around 2% (ap-
proximately 2.5% for CPI in�ation) over the last 10�15 years, broadly consistent with the
Federal Reserve's in�ation targeting objective.
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Figure 3: Posterior means of exp(ht/2) and exp(gj,t/2) with j = PCE,GDPd,CPI. CI
denotes the con�dence interval.

Finally, the posterior means of trend in�ation produced by models M6 and M7 closely
follow the estimates obtained from models M4 and M5 from the mid-1980s onwards and
until the end of the sample period. However, during the Great In�ation period, models M6
and M7 generate higher and more volatile estimates of trend in�ation. This result can be
attributed to the higher levels of stochastic volatility in the error terms of equation (3). This
feature is clearly illustrated in Figure 3, which reports the posterior medians of the stochas-
tic volatility processes in the model�namely ht and gj,t for j ∈ PCE,GDPd,CPI�together
with their 68% and 95% credible intervals.

4.4 Out-of-sample forecasting evaluation

In this Section we evaluate the forecasting ability of the alternative speci�cations of Table
2 by designing an out-of-sample forecasting exercise where we use approximately the last
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40 years, i.e. from 1980 Q1 to 2021 Q3, as an evaluation period. To that end, we employ a
recursive estimation of the models, generating up to 12 quarters ahead in�ation forecasts,
over an expanding window.

We use the mean squared error (RMSE) and the continuous ranked probability score
(CRPS) to assess the point and density forecasting performance, respectively (see e.g.
D. P. Louzis, 2019, for a related discussion ). Figures 4, 5 and 6 present the forecasting
accuracy gains in % relative to the baseline M0 model (VAR-CSV) for the PCE in�ation,
GDP de�ator and CPI in�ation metrics, respectively. We can draw a number of interesting
conclusions from the forecasting results presented in Figures 4 to 6.

Figure 4: Out-of-sample forecasting evaluation for the PCE in�ation. Figure shows the fore-
casting accuracy gains in % relative to the baseline M0 model (BVAR-CSV) with respect to
point (RMSE) and density(CRPS) forecasting accuracy metrics. RMSE and CRPS denote
the root mean squared error and continuous ranked probability score metrics, respectively.
The competing models, M1 - M7, are described in Table 2.
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Figure 5: Out-of-sample forecasting evaluation for the GDP de�ator. Figure shows the fore-
casting accuracy gains in % relative to the baseline M0 model (BVAR-CSV) with respect to
point (RMSE) and density(CRPS) forecasting accuracy metrics. RMSE and CRPS denote
the root mean squared error and continuous ranked probability score metrics, respectively.
The competing models, M1 - M7, are described in Table 2.

Figure 6: Out-of-sample forecasting evaluation for the CPI in�ation Figure shows the fore-
casting accuracy gains in % relative to the baseline M0 model (BVAR-CSV) with respect to
point (RMSE) and density(CRPS) forecasting accuracy metrics. RMSE and CRPS denote
the root mean squared error and continuous ranked probability score metrics, respectively.
The competing models, M1 - M7, are described in Table 2.

We begin with the most striking feature of all three �gures: nearly all competing mod-
els outperform the baseline speci�cation across forecasting horizons and in�ation measures.
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Indeed, positive forecasting accuracy gains are observed in almost all cases, with the only
exception being the one-quarter-ahead RMSE for CPI in�ation under the M1 speci�cation.
These results are consistent with the existing literature (see e.g. Beechey & Österholm,
2010; Villani, 2009; D. P. Louzis, 2019; Banbura & van Vlodrop, 2018, among others), which
�nds that steady-state priors and/or time-varying unconditional means improve macroeco-
nomic and in�ation forecasting performance. To the best of our knowledge, however, this
is the �rst study to con�rm this result within a large-VAR framework.

Another noteworthy pattern is that all models tend to generate larger forecasting gains
at longer horizons relative to the baseline speci�cation. In particular, the forecasting im-
provements appear to increase almost linearly with the forecast horizon across all in�ation
measures. This �nding is also consistent with the aforementioned literature and can be
attributed to the more accurate estimation of the unconditional mean provided by models
M1�M7 relative to the baseline M0 model (see also Figure 2). Since the VAR model is sta-
tionary and mean-reverting, more accurate estimates of the unconditional mean translate
into improved long-horizon forecasts.

We next examine whether the restrictions summarized in Table 2 materially a�ect fore-
casting performance. We begin with models M1, M2, and M3, which are consistently among
the weakest performers across in�ation measures and evaluation metrics. Interestingly, the
M1 model (steady-state VAR) often outperforms models M2 and M3, despite the latter
allowing for time-varying unconditional means. The M3 model emerges as the weakest
speci�cation overall, except in the case of CPI in�ation, where the M1 model typically
produces the least accurate forecasts. Nevertheless, introducing a common in�ation trend
in model M2 proves bene�cial relative to model M3, as M2 consistently outperforms M3
across horizons.

Turning to models M4 and M5, which incorporate information from in�ation expec-
tations proxies (the EWMA �lter and survey-based forecasts, respectively), the empirical
results are clear: models that include in�ation expectations generate substantially more
accurate forecasts. In particular, forecasting accuracy gains of up to 7% are observed
across forecasting horizons, in�ation measures, and evaluation metrics. Moreover, model
M5, which incorporates long-term survey-based in�ation expectations, consistently outper-
forms model M4, which relies on the EWMA statistical �lter.

The results also indicate that model M6, which allows for stochastic volatility in the
innovations of the trend in�ation equation (3), generally outperforms model M5, with the
exception of CPI in�ation where both models display broadly similar forecasting perfor-
mance. By contrast, estimating the parameters d0,j and d1,j in the M7 speci�cation does
not lead to additional forecasting improvements. In fact, the M7 model is typically out-
performed by both M6 and M5 across most forecasting horizons and in�ation measures.

Overall, the forecasting results presented in this section indicate that the proposed mod-
eling framework can deliver substantial improvements in both point and density in�ation
forecasts, particularly at longer forecasting horizons. The most important feature driving
these improvements appears to be the incorporation of in�ation expectations proxies, ei-
ther through the EWMA statistical �lter or through long-term survey-based forecasts, with
the latter clearly providing stronger forecasting gains. Finally, imposing the restrictions
d0,j = 0 and d1,j = 1�thereby treating in�ation expectations as unbiased measures of trend
in�ation�further enhances the forecasting performance of the model.
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5 Summary and concluding remarks

This paper develops a large trend-in�ation VAR model that incorporates in�ation expecta-
tions proxies in the spirit of Chan et al. (2018). The proposed framework features a hybrid
trend structure in which a subset of the unconditional means is allowed to evolve over time
while the remaining ones remain constant. This speci�cation provides a �exible represen-
tation of trend dynamics while maintaining the tractability required for high-dimensional
VAR systems. To estimate the model e�ciently, we develop an MCMC algorithm based on
recent advances in precision-based matrix methods, which allows the estimation of VAR
models with a large cross-sectional dimension.

The empirical analysis relies on a dataset of twenty macroeconomic and �nancial vari-
ables for the U.S. economy spanning more than six decades. Using an extensive out-of-
sample forecasting exercise, we show that the proposed speci�cation consistently outper-
forms several benchmark large-VAR models in terms of both point and density in�ation
forecasts. In particular, models that incorporate proxies for in�ation expectations�either
through statistical �lters or survey-based measures�deliver substantial forecasting gains,
especially at longer horizons. The results further indicate that long-term survey-based in�a-
tion expectations contain valuable information that improves forecasting accuracy beyond
what can be obtained from purely statistical trend estimates.

Overall, our �ndings highlight the importance of modeling trend in�ation and incorpo-
rating information from in�ation expectations when forecasting in�ation in large macroe-
conomic systems. Future research could extend the proposed framework by allowing for
richer expectation formation mechanisms or by applying the model to other economies and
macroeconomic environments.
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Online Appendix

Appendix A Data description

Table A.1 presents the variables used in the empirical analysis and the respective trans-
formation code. In particular, 1 denotes the annualized growth rates calculated as yt =
400log(xt/xt−1) and 0 denotes no transformation. The sample spans from 1959 Q2 to 2021
Q3 and all variables were retrieved from the FRED-QD database at the Federal Reserve
Bank of St. Louis (McCracken & Ng, 2020).

Table A.1: Variables used in the empirical analysis

Description Transformation code Mnemonic

Real Gross Domestic Product 1 GDPC1

Real Personal Consumption Expenditures 1 PCECC96

Real Disposable Personal Income 1 DPIC96

Industrial Production Index 1 INDPRO

Industrial Production: Final Products 1 IPFINAL

Civilian Unemployment Rate (Percent) 0 UNRATE

All Employees: Total nonfarm 1 PAYEMS

Civilian Employment 1 CE16OV

Personal Consumption Expenditures: Chain-type Price index 1 PCECTPI

Gross Domestic Product: Chain-type Price index 1 CDPCTPI

Consumer Price Index for All Urban Consumers: All Items 1 CPIAUCSL

Producer Price Index for All commodities 1 PPIACO

Nonfarm Business Sector: Real Compensation Per Hour 1 COMPRNFB

Nonfarm Business Section: Real Output Per Hour of All Persons 1 OPHNFB

Real M2 Money Stock 1 M2REAL

10-Year Treasury Constant Maturity Rate 0 GS10

Moody's Seasoned Aaa Corporate Bond Yield (Percent) 0 AAA

Moody's Seasoned Baa Corporate Bond Yield (Percent) 0 BAA

3-Month Treasury Bill: Secondary Market Rate (Percent) 0 TB3MS

S&P's Common Stock Price Index: Composite 1 S&P 500
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Appendix B Estimation details

B.1 Derivation of equations (7) and (18)

We rewrite (1) as:

yt = Sγγ + Sτπτ
π
t +

p∑
l=1

Bl

(
yt−l − Sγγ − Sτπτ

π
t−l

)
+ εt

(yt − Sγγ)−
p∑

l=1

Bl(yt−l − Sγγ) = Sτπτ
π
t −

p∑
l=1

BlSτπτ
π
t−l + εt

HB(y − (1T ⊗ Sγ)γ) = HB(IT ⊗ Sτπ)τ
π + ε

(B.1)

which gives (7).
Alternatively, we can also write (1) as:

(yt − Sτπτ
π
t )−

p∑
l=1

Bl(yt−l − Sτπτ
π
t−l) = Sγγ −

p∑
l=1

BlSγγ + εt

HB(y − IT ⊗ Sτπ) = HB(1T ⊗ Sγ)γ + ε

(B.2)

which gives (18).

Appendix C Propositions

To prove Propositions C.1 andC.2 we rely on Lemma C.1 by Yuster and Zwick (2005, p. 5)
on sparse matrix multiplication.

Lemma C.1. The multiplication of any K ∈ Rm×l, Λ ∈ Rl×n sparse matrices requires∑l
r=1 κrλr multiplications, where κr is the number of non-zero elements in the r-th column

of K and λr are the number of non-zero elements in the r-th row of Λ.

Proposition C.1. Let Bi ∈ Rn×n, Sτπ ∈ {0, 1}n×q be a binary selection matrix, S̄τπ =
IT ⊗ Sτπ ∈ {0, 1}nT×qT , HB ∈ RnT×nT be a band matrix de�ned in (8) and n, T, q, p ∈ Z+.
Then calculating the sparse matrix product HBS̄τπ requires O(p(T−(p+1)/2)nq) arithmetic
operations. Alternatively, we can calculate HBS̄τπ relying only on the multiplications of Bi

and Sτπ, i.e. BiSτπ, i = 1, ..., p, which requires O(pnq) operations; O(q{np[T − 1 − (p −
1)/2] + T}) > O(pnq) if T > (p+ 3)/2.

Proof. To calculate the order-of-magnitude, O(.), we focus on the number of multiplications
required to calculate HBS̄τπ since these involve the highest order operations. Multiplica-
tions typically tend to dominate the overall computation procedure because the number of
additions required is always bounded by the number of the required multiplications (see
Golub and Van Loan (2013, p. 12) and Yuster and Zwick (2005, p. 5) for details)

Thus, according to Lemma C.1, in order to calculate the number of multiplications for
HBS̄τπ, it su�ces to compute the number of non-zero entries for each of the columns and
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rows of HB and S̄τπ, respectively. To that end, it would be helpful to write the product
HBS̄τπ analytically:

HBS̄τπ =


In . . . 0 0 . . . 0

−B1 In 0 0 . . . 0
−B2 −B1 In 0 . . . 0
...

... . . .
. . . . . .

...
... −Bp . . . −B1 In 0
0 . . . −Bp . . . −B1 In


︸ ︷︷ ︸

nT×nT


Sτπ 0 0 . . . 0 0
0 Sτπ 0 . . . 0 0
0 0 Sτπ . . . 0 0
...

. . . . . . . . . 0 0
0 0 . . . 0 Sτπ 0
0 0 . . . 0 0 Sτπ


︸ ︷︷ ︸

nT×qT

(C.1)

Obviously, for each of the �rst n(T − p) columns of HB we can �nd np + 1 non-zeros
entries, where p is the number of lags, n is the number of variables and unity comes from
the identity matrix in the main diagonal of HB. For instance, for the �rst column of HB,
i.e. cHB,1, we have:

cHB,1 = [ 1, ..., 0︸ ︷︷ ︸
1 element ̸=0

,

B11,1, B21,1, ..., Bn1,1, B11,2, B21,2, ..., Bn1,2, ..., B11,p, B21,p, ..., Bn1,p︸ ︷︷ ︸
n×p elements ̸=0

, 0, ...., 0, ...0, ..., 0︸ ︷︷ ︸
n×(T−p−1) zeros

]′

where {Bij,l}ni,j=1 is ij − th element of coe�cient matrix Bl.
Now, by de�nition the selection matrix S̄τπ has either one non-zero element in each row

or none. It also holds that for each n rows there are only q rows with one non-zero element.
This practically means that for the �rst n rows (columns) and assuming that all non-zeros
entries are gathered at the end, the number of required multiplications is (see Lemma C.1):

cHB,1 · rS,1 + ...+ cHB,n · rS,n = cHB,1 · 0 + ...+ cHB,n−q · 0︸ ︷︷ ︸
(n−q) times

+...

+ cHB,n−q+1 · 1+, ...,+cHB,n · 1︸ ︷︷ ︸
q times

=

q∑
k=1

cHB,k =

q∑
k=1

np+ 1 = q(np+ 1)

where cHB,k and rS,k are the k− th column and row of HB and S̄τπ respectively. It is trivial
to generalize this results for the �rst n(T − p) rows (columns):

n(T−p)∑
k=1

cHB,k · rS,k =
q(T−p)∑
k=1

cHB,k =

q(T−p)∑
k=1

(np+ 1) = q(T − p)(np+ 1) (C.2)

where cHB,k and rS,k are the k − th column and row of HB and S̄τπ respectively.
Next, we calculate the non-zero entries for the last np columns of HB. In particular,

we pin down a speci�c pattern which is repeated p − 1 times every n columns. That is,
from column k = n(T − p) + 1 to column k = n(T − p + 1) we have cHB,r = n(p− 1) + 1
non-zero entries meaning that the required number of multiplications is:

n(T−p+1)∑
k=n(T−p)+1

cHB,k · rS,k =
q∑

k=1

n(p− 1) + 1 = q[n(p− 1) + 1] (C.3)
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For the next n columns, i.e. from k = n(T−p+1)+1 to k = n(T−p+2), the number of non-
zero elements in each column is cHB,k = n(p−2)+1; likewise from k = n(T−p+(j−1))+1
to k = n(T − p + j) for j = 1, ..., p − 1 we have cHB,k = n(p − j) + 1 non zero elements,
thus, implying that the required number of multiplications is:

n(T−p+2)∑
k=n(T−p+1)+1

cHB,k · rS,k =
q∑

k=1

n(p− 2) + 1 = q[n(p− 2) + 1]

. . .

n(T−p+j)∑
k=n(T−p+(j−1))+1

cHB,k · rS,k =
q∑

k=1

q(p− j) + 1 = q [n(p− j) + 1]

(C.4)

Therefore, from (C.3) and (C.4) and also adding q multiplications required for the last
n columns, we can compute the total number of multiplications for the last np columns
(rows) of HBȳγ as :

q +

n(T−1)∑
k=n(T−p)+1

cHB,k · rS,k = q +

p−1∑
j=1

q[n(p− j) + 1]

= q + (p− 1)q(np+ 1)− qn

p−1∑
j=1

j =

= q[1 + (p− 1)(np+ 1)− np(p− 1)/2]

(C.5)

Now, summing up (C.2) and (C.5) we get the total number of multiplications required in
order to calculate HBS̄τπ, i.e.:

nT∑
k=1

cHB,k · rS,k = q(T − p)(np+ 1) + q[1 + (p− 1)(np+ 1)− np(p− 1)/2]

= q[(T − p)(np+ 1) + 1 + (p− 1)(np+ 1)− np(p− 1)/2]

= q{np[T − 1− (p− 1)/2] + T}

(C.6)

Alternatively, we can write the product HBS̄τπ analytically as:

HBS̄τπ =


Sτπ 0 0 . . . 0

−B1Sτπ Sτπ 0 . . . 0
−B2Sτπ −B1Sτπ Sτπ . . . 0

...
. . . . . . . . . 0

0 −BpSτπ . . . −B1Sτπ Sτπ


︸ ︷︷ ︸

nT×qT

(C.7)

Therefore, we can �rst compute BiSτπ, for i = 1, ...p, which requires only qnp multiplica-
tions, and then construct the matrix in (C.7).11

11The construction of both HB and the matrix in (C.7) requires a for loop of p iterations in Matlab with
identical computation time for both cases. Thus, the computational e�ciency of the two alternative ways
of computing HBS̄τπ does not depend upon the construction process of either matrices.
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Therefore, we have shown that calculatingHBS̄τπ involvesO(q{np[T−1−(p−1)/2]+T})
or O(qnp) arithmetic operations, depending on the method we choose, because, as we also
mentioned above, the number of additions required is always bounded by the number of
the required multiplications (see Golub and Van Loan (2013, p. 12) and Yuster and Zwick
(2005, p. 5) for details).

Now, to prove Proposition C.1 su�ces to prove that q{np[T − 1− (p− 1)/2]+T > qnp,
i.e. we have to show that:

np[T − 1− (p− 1)/2] + T > np ⇔
np[T − 2− (p− 1)/2] + T > 0

(C.8)

Because n, T, q, p ∈ Z+ by de�nition the inequality in (C.8) also holds if we show that the
quantity in the bracket is also a positive number, i.e.:

T − 2− (p− 1)/2 > 0 ⇔
T > (p+ 3)/2

(C.9)

(C.9) proves Proposition C.1.

Proposition C.2. Let Sγ ∈ {0, 1}n×(n−q) be a binary selection matrix, S̄γ = 1T ⊗ Sγ ∈
{0, 1}nT×(n−q), Bi and HB are de�ned in Proposition C.1 with n, T, q, p ∈ Z+. Then
calculating the sparse matrix product HBS̄γ requires O(q{np[T − 1 − (p − 1)/2] + T})
arithmetic operations. Alternatively, we can calculate HBS̄γ based only on the multi-
plications of Bi and Sγ, i.e. BiSγ, for i = 1, ..., p, which requires O(pnm) operations;
O(q{np[T − 1− (p− 1)/2] + T}) > O(pnm) if T > (p+ 3)/2.

Proof. As in Proposition C.1 we write analytically:

HBS̄γ =


In 0 . . . . . . 0

−B1 In 0 . . . 0
−B2 −B1 In . . . 0
...

...
. . . . . . 0

0 −Bp . . . −B1 In


︸ ︷︷ ︸

nT×nT


Sγ
Sγ
Sγ
...
Sγ


︸ ︷︷ ︸

nT×(n−q)

=


Sγ

−B1Sγ + Sγ
−B2Sγ −B1Sγ + Sγ

−BpSγ · · · −B1Sγ + Sγ
...

−BpSγ −B1Sγ + Sγ


︸ ︷︷ ︸

nT×(n−q)

(C.10)

Working similarly with Proposition C.1 it is trivial to show that the sparse matrix multipli-
cationHBS̄γ is alsoO(q{np[T−1−(p−1)/2]+T}), while relying only on the multiplications
of Bi and Sγ is again O(pnm). This means that the proof is identical to that of Proposition
C.1.

Proposition C.3. Let Bi and HB be de�ned as in Proposition C.1, x = (x′
1, ...,x

′
T )

′ with
x ∈ RnT×1, xi ∈ Rn×1 and n, T, p ∈ Z+. Then calculating the sparse matrix-vector product
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HBx requires O(n{np[T −1− (p−1)/2]+T}) arithmetic operations. Alternatively, we can
calculate HBx as (x̄′

1, ..., x̄
′
T )

′ where x̄t = xt −
∑p

i=1Biyt−i and x0 = x−1 =, ...,x1−p = 0,
which requires O(n2p[T − (p+ 1)/2]) operations; it always holds that O(n{np[T − 1− (p−
1)/2] + T}) > O(n2p[T − (p+ 1)/2]).

Proof. Working similarly with Proposition C.1 and underlining that x is a dense column
vector with the number of non-zero entries in its k-th row being always unity, we can
calculate the number of multiplications in the HBx product as:

nT∑
k=1

cHB,k · rx,k =
n(T−p)∑
k=1

cHB,k +
nT∑

k=n(T−p)+1

cHB,k

= n(T − p)(np+ 1) + n[1 + (p− 1)(np+ 1)− np(p− 1)/2]

= n{np[T − 1− (p− 1)/2] + T}

(C.11)

C.11 proves that HBx requires O(n{np[T − 1− (p− 1)/2] + T}) arithmetic operations.
Alternatively we can write HBx analytically as:

HBx =


In 0 . . . . . . 0

−B1 In 0 . . . 0
−B2 −B1 In . . . 0
...

...
. . . . . . 0

0 −Bp . . . −B1 In


︸ ︷︷ ︸

nT×nT

x1x2x3
...
xT


︸ ︷︷ ︸
nT×1

=


x1

−B1x1 + x2
−B2x1 −B1x2 + x3

−Bpx1 · · · −B1xp + xp+1
...

−BpxT−p −B1xT−1 + xT


︸ ︷︷ ︸

nT×1

(C.12)

Each of the rows in C.12 can be written as x̄t = xt −
∑p

i=1Biyt−i with x0 = x−1 =
, ...,x1−p = 0 proving that HBx can be alternatively computed as (x̄′

1, ..., x̄
′
T )

′.
Obviously for the last n(T − p) rows in (C.12) we need (T − p)n2p multiplications,

since the n-sized matrix-vector multiplication is O(n2), while for the �rst p rows we need
p(p− 1)n2/2 multiplications. Therefore, the total number of required multiplications is:

(T − p)n2p+ n2p(p− 1)/2 = n2p[T − (p+ 1)/2] (C.13)

Finally, to prove that O(n{np[T − 1 − (p − 1)/2] + T}) > O(n2p[T − (p + 1)/2]), it
su�ces to prove:12

n{np[T − 1− (p− 1)/2] + T} > (T − p)n2p+ n2p(p− 1)/2 ⇔
n2p(T − 1)− n2p(p− 1)/2 + nT − n2p(T − p)− n2p(p− 1)/2 > 0 ⇔

n2p(p− 1)− 2[n2p(p− 1)/2] + nT > 0 ⇔
nT > 0

(C.14)

which is true by de�nition because n, T, p ∈ Z+.
12To prove the inequality it is more convenient to work with (T − p)n2p + n2p(p − 1)/2 instead of

n2p[T − (p+ 1)/2]
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Appendix D Description of the alternative speci�cations

This appendix provides more details on the alternative (restricted) models synopsized in
Table 2 of the main text.

� M0 model: We start from the baseline VAR-CSV model of Chan (2020a) which is
de�ned as:

yt = c+

p∑
l=1

Blyt−l + εt εt ∼ N (0, exp(ht)Σ) (D.1)

ht = ρht−1 + ηt, |ρ| < 1 ηt ∼ N (0, φ) (D.2)

where c is a n×1 vector of constant terms and the unconditional mean of the process
is given by γ = (In − B1 − ... − Bp)

−1c; the uncodntinal mean, γ, is almost solely
driven by data since we typically use a �at prior on c.

� M1 model: By imposing Sγ = In and Sτπ = 0 we get the steady-state VAR-CSV
model (Villani, 2009; D. P. Louzis, 2019):

yt = γ +

p∑
l=1

Bl(yt−l − γ) + εt εt ∼ N (0, exp(ht)Σ) (D.3)

ht = ρht−1 + ηt, |ρ| < 1 ηt ∼ N (0, φ) (D.4)

� M2 model: In M2 model we consider a common trend in�ation VAR (cTi-VAR)
de�ned as:

yt = τ t +

p∑
l=1

Bl

(
yt−l − τ t−l

)
+ εt, εt ∼ N (0, exp(ht)Σ) (D.5)

τ t = Sγγ + Sτπτ
π
t (D.6)

τπidjt = τπidjt−1 + ϵτπidjt , j = 1, ..., q, ϵτπidjt ∼ N (0, qidjt) (D.7)

τπct = τπct−1 + ϵτπct , ϵτπct ∼ N (0, qct ) (D.8)

τπjt = τπct + τπijt (D.9)

where τπct is a common trend in�ation factor and τπidjt is the idiosyncratic trend
in�ation for each j = GDP,CPI, PCE in�ation measure. Now, given the ranking of
the variables in Table 2, the selection matrices Sτπ and Sγ are the following (20× 4)
and (20× 17) matrices respectively:
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Sτπ =



0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0



and Sγ =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1


The highlighted rows in both matrices indicate the positioning of the respective in-
�ation measures.

� M3 model: We consider a standard trend in�ation VAR (Ti-VAR) without a com-
mon trend in�ation factor, in�ation expectations and stochastic volatility in the state
equation i.e.:

yt = τ t +

p∑
l=1

Bl

(
yt−l − τ t−l

)
+ εt, εt ∼ N (0, exp(ht)Σ) (D.10)

τ t = Sγγ + Sτπτ
π
t (D.11)

τπjt = τπjt−1 + ϵτπjt , j = 1, ..., q, ϵjt ∼ N (0, qjt) (D.12)

In M3 and all the subsequent (M4 - M7) models the Sγ remains unchanged while Sτπ

is the following (20× 3) matrix:

Sγ =



0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0


� M4 model: This is the proposed Ti-VARe model described in Section 2 but with the
following modi�cations: (i) we use the EWMA �lter to proxy in�ation expectations,
(ii) we set d0 = 0 and d1 = 1 in (4) and (iii) we do not consider stochastic volatility
in the error terms of the trend in�ation equation (3).
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� M5 model: This is the same with the M4 model but with the in�ation expectation
proxies as described in Table 2.

� M6 model: This is the M5 model but with stochastic volatility in the error terms
of the trend in�ation equation (3).

� M7 model: This the proposed model as described in Section 2.

Appendix E Additional results

Figure E.7 presents the histogram of the posterior draws of d0,j and d1,j parameters, with
j = PCE,GDPd,CPI. More speci�cally, the left column of Figure E.7 shows the posterior
distribution of d0,j, i.e. the constant term in equation (4) in the main text, which posterior
mean is almost equal to zero. On the right hand side of Figure E.7, we show the posterior
distribution of the slope coe�cient of equation (4), d1,j, across in�ation metrics. The
results suggest that unity is well contained in the 95% con�dence interval. Therefore, the
hypothesis that the long-run in�ation forecasts and the EWMA �lter are biased measures
of model-based trend in�ation, or simply that d0,j ̸= 0 and d0,j ̸= 1 does not hold in this
study ∀j.
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Figure E.7: Histogram of the posterior draws of d0,j and d1,j parameters, with j =
PCE,GDPd,CPI. The dashed red line denotes the posterior mean.
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